Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



NEW EDUCATIONAL WORKS. 

COMMENTARY ON THE WORKS OF ARISTOPHANES. 

By W. G. CLARK, M.A., Fellow and Assistant Tutor of Trinity College, 
Cambridge. In Preparation, 

RHETORIC OF ARISTOTLE. 

The Greek Text : with English Notes, Critical and Explanatory. 

Preparing. 
CAMBRIDGE THEOLOGICAL PAPERS. 

Comprising those given at the Voluntary Theological and the Crosse 
Scholarship Examinations. Edited with References and Indices, by the 
Rev. A. P. MOOR, M.A., of Trinity College, Cambridge, and Sub- 
Warden of St. Augustine's College, Canterbury. 8vo. bds, 7s. 6d. 

This will be found a very useful help to reading for the Voluntary 
Theological and for Ordination Examinations. 

C4CERO ON OLD AGE. 

Literally Translated, with Notes- By a MASTER OF ARTS. 12mo. 
sewed, 2s. 6d. 

CICERO ON FRIENDSHIP. . 

Literally I'ranslated, with Notes. By a MASTER OF ARTS. 12mo. 
sewed, 2s. 6d. 

A GEOMETRICAL TREATISE ON THE CONIC SECTIONS. 

With an Appendix, containing so mush of NEWTON'S PRINCIPIA 
as may be understood without a knowledge of Mechanics - intended 
chiefly as an Introduction to the Geometrical Doctrine of Limits. By 
J. E. COOPER, M.A., Fellow of St. John's College, Cambridge. 

Preparing. 

DEMOSTHENES DE CORONA. 

The Greek Text, with English Explanatory Notes. By Bernard W. F. 
DRAKE, M.A., Fellow of King's College, Cambridge. Crown Octavo, 
cloth, 5s. 

" The Editor has diligently availed himself of the best modern 
sources, and has in a brief space given such information as will 
enable a student to read the original with comparative ease. The 
Grammatical difficulties in the text are well explained, and frequent 
references are given, for the elucidation of the historical and archaeo- 
logical subjects alluded to by the Orator." — Litkraky Gazbttk. 

" Useful Notes."— The Guardian. 

*' A neat and useful Edition." — Athenaeum. 

DEMOSTHENES ON THE CROWN. 

Literally Translated into English by the Rev. J. P. NORRIS, M.A., 
Fellow of Trinity College, Cambridge, and one of Her Majesty's Inspec- 
tors of Schools. Crown 8vo. sewed, 3s. 

" The best translation that we remember to have seen." 

LiTBRARY GaZKTTE. 

SOLUTIONS OF THE SENATE HOUSE PROBLEMS 

From 1848 to 1851. By N. M. FERRERS, B.A., and J. S. JACKSON, 
B.A., of Caius College, Cambridge. 8vo. cloth, 15s. 6d. 

PLANE ASTRONOMY. 

Including Explanations of Celestial Phenomena and Descriptions of 
Astronomical Instruments. By the Rev. A. R. GRANT, M.A., Fellow 
of Trinity College, Cambridge. 8vo. bds. 6s. 

QUESTIONS IN ARIT HMETIC. 

With an Appej;uU;^^MB*<^ijg^2^^^^gM|^l)anics and Hydrostatics. 
By the Re/j|^^^Mj^jfi9B|^^H^^^^^BVll, Cambridge. Cn.wn 

& Co. 




A SHORT AND EASY COURSE 



OF 



ALGEBRA, 



CHIEFLY DESIGNED FOR THE USE OF THE 
JUNIOR CLASSES IN SCHOOLS, 

WITH A NUMEBOUS COLLECTION OP ORIGINAL 



EASY EXERCISES. 



SECOND EDITION. 




BY 



THOMAS LUND, B.D. 



SBcrroB OF mobton, debbyshibe, editob of wood's ALOBBBA* &C. 

▲BD FOBMBBLY FELLOW AND SADLEBIAN LEOIUBBB 

OF 8T John's oollsge, oambbxdoe. 



aDambrOlge : MACMILLAIf & CO.; 

ftOtOnm: GEORGE BELL; OiAIui: HODGES & SMITH; 
(SttixAvxsfy : EDM0N8T0N & DOUGLAS ; 

^haaaia : J. maclekos^. 
1851. 




Wnm tit t^e BnittxBlta 9rc8S. 



PREFACE. 



The Anthor deems it necessary to state, that this little book is 
not made up of selected portions of his Edition of WbotPs Alge- 
bra, but is an entirely new and original work, planned and con- 
structed, with no inconsiderable amount of thought and labour, for 
the special use of three classes of persons, 1st, The junior boys in 
Schools, who, in the Author s opinion, might devote much of the 
time, now given to common arithmetic, more profitably and plea- 
santly to Easy Algdyra, superior, as it confessedly is, both for men- 
tal exercise and as an instrument of calculation ; 2nd, Those cUder 
Students, who either have not the time or the will to learn more 
than the first rudiments of mathematical analysis ; and, Srd, The 
working men^ of small leisure, but good understanding, who are 
often found (at least in the manu&cturing districts) engaged in 
researches that would do credit even to persons of greater ability, 
but yet baffled and perplexed for want of a higher power of com- 
putation than common arithmetic can supply* 

The Author has carefully examined all the books in use at the 
present time, which profess to have a similar object. Some begin 
with incorrect Definitions, and lead the Student astray at the very 
outset. Others are arranged in so unconnected a manner, and so 
entirely without a plan, that one main element of usefulness is 
wholly wanting— that which constitutes the glory of Euclid — con- 
secutive reasoning and deduction. Others, again, professing to be 
**Algdjra made Easy,'* are really little more than Arithmetic made 
Hard. And the general result of the Author's examination is, lie 
is not afraid to say, that no Eox^ Alge\«ab\Maa \3S5(5a!st\ft >w»sa. '^g'Ssi- 
mhed, at least in this coimtry, in ^\ufi\L MSaa s^^^N.'^a^^'^ ^^^^^^ 
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incorrectly treated, badly arranged^ or needlessly debased. At the 
reqnest of many persons, who feel the want of something better, 
the present attempt is made to supply the deficiency^ and to 
public criticism it is now hopefully committed. 

It will be seen that the book is printed with the best type and 
skill of the Pitt Press^ regardless of expense, from the Author's 
conviction^ founded on much experience, thai {he bad printing of 
Mathematics often leads to bad writing on the part of the Student, 
which is the source of much subsequent carelessness and error. 

T.L. 



MoBTOK Rectobt, near Alfbetok, 
March 1, 1850. 



ADVERTISEMENT TO THE SECOND EDITION. 



This Edition differs in no material respect from the 
former one, except by the insertion of a few directions 
for the more convenient use of the Exercises through- 
out, and by an additional collection of 100 Miscellaneous 
easy Exercises at the end. 

The Author has received suggestions firom various 
quarters for the extension of the Course; but he is not 
yet persuaded that such alterations as have been sug- 
gested would be at all desirable, without going much 
farther than is consistent with his plan. The book, 
as it is, contains aU that is required for the ordmary 
B.A. degree at Cambridge; and possesses a sort of 
completeness, which, in the Author's opinion, it would 
not be well to infringe upon. Moreover, there are 
already a sufficient number of treatises on Algebra of 
higher pretensions, and of proved usefulness. To them 
the Student may fitly resort, when he finds no more 
to learn in this ; and the Author desires no better proof 
of the success of his design, than to hear that his 
readers, when they have reached the end of this Course^ 
are generally led to desire to proceed farther. 

T. L. 

MoBTOK Rectobt, near Alfretok, 
November I, 1851. 
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ALGEBEA. 



Algebba is most simply defined as Universal, or Ge^ 
neraly Arithmetic, It is an extension of the powers of Com- 
mon Arithmetic by the use of letters to denote numbers, 
instead of the figures 1, 2, 3, &c. ; and it bears somewhat 
the same relation to Arithmetic that Steam- Power does to 
ordinary manual labour — inasmuch as what Arithmetic can 
do Algebra will oflen do more easily^ and much which Arith^ 
metic cannot do at all Algebra can. 

To take a simple example^ suppose the following question 
proposed : — 

** What number is that which, upon being increased by 
10^ becomes 3 times as great as it was befiRfe ? " 

The Arithmetician would proceed, by the Rule o£ Double 
Position, thus: 

Ist. Suppose 20 to be the number^ 

then^ since the number increased by 10 becomes 80, 

and 8 times 20 is 60^ 

the error is 30, 

2nd. Suppose 10 to be the number^ 
then, since the number increased by 10 becomes 20^ 

and 3 times 10 is 30, 
the error is 10. 

Hence^ by Rule, 30 times 10, or 300, diminished by 10 
times 20, or 200, leaves 100; and this divided by 20, (the 
difference of the Errors), gives 5 for the number required. 

Now let the reader compare this Arithmetical working 
with that by which Algebra would enable him to attain the 
same result — ^not attempting, of course, at present to under* 
stand the latter, but simply observing the shortness, and 
evident simplicity, of the computation. 

The Algebraist would proceed thus. 

Let X be the number, 

then or + 10 = 3jr, by the question, 

2jr = 10, 

« • 5, tlie Tec^mtedL iwxs^oct. 
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By means of these four short lines the proposed question 
is completely solved^ and with such ease as to put to shame 
all attempts to solve such questions by the Arithmetical 
method. 

In like manner it might easily be shewn^ if it were not 
out of place here^ that the solution of other questions lies 
within the power of Algebra, which common Arithmetic 
cannot touch at all. But this the Student may be safely 
lefl to gather for himself as he proceeds. 

DEFINITIONS, FIRST PRINCIPLES, AND NOTATION. 

1. Quantity i (from the Latin quantus, 'how much*) is a 
word in common use, answering to the question, 'how 
much', or 'how many', and therefore expressed by some 
number. Thus a quantity of persons is expressed or m^a^ 
sured by the number of them — a quantity of cloth by the 
number of yards it contains ; and so on. 

Hence to express ^any quantity', as is required to be 
done in Algebra, we must have something which will ex- 
press 'any number'; and for this purpose the letters of the 
Alphabet are found convenient. Thus, for example, instead 
of writing or saying ' any quantity multiplied by any other 
quantity*, we merely write or say 'a multiplied by b*, where 
a represents, or stands for, any number, and b any other 
number*. So that just as the operations of Arithmetic are 
simplified and abridged by using the figures 1, 2, 3, &c. 
instead of the words, one, two, three, &c., the operations of 
Algebra are abridged by using, instead of words, the letters 
a, b, c, &c., X, y, z, to represent, or stand for, general num* 
bers. 

Various Signs or Symbols also are used, for the sake of 
convenience, to express the various Arithmetical Operations 
of Addition, Subtraction, Multiplication, Division, &c. These 
may be any distinct marks which Algebraists can agree 
upon. At present they are as follow : 

2. (Addition). + is read plus (Latin for more\ and 
signifies that the quantity which comes next after it is to be 
added to that which goes before. Thus a + 6, (which is 
read a plus b), signifies that the quantity represented by b 

• To express *any quantity multiplied by any other quantity' it would 
fot be ctatect to say * a multiplied by a' : thift ^o^ildonlv express < any 
9u»ntity aMtijflied by itself \ 
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is to be added to the quantity represented by a. If a stand 
for 5, and b for 7$ then a-hb is 5 + 7> and is equal to 12. 
If also c stand for 4, then a + 6 +c^ (which is read a plus b 
plus c), is equal to 12 + 4, or l6. 

3. (Subtraction), — is read minus (Latin for less), 
and signifies that the quantity which comes next afler it is 
to be subtracted from that which goes before. Thus a — b, 

S which is read a minus b), signifies that the quantity b is to 
€ subtracted from the quantity a. If a stand for 10, and b 
for 6, then a — b is 10-6, and is equal to 4. If also c stand 
for 3, then a — b — c, (which is read a minus b minus c), is 
equal to 4-3, or 1. 

[^Exercises A, 1...4, page 5.] 

4. (Multiplication), x is read into, or times^ and 
signifies that the quantity which comes next afler it is to be 
multiplied by that which goes before. Thus axb, (which 
is read a into b, or a times b), signifies that b is to be multi^ 
plied by a, or taken a times. If a stand for 6, and h for 4, 
then a X & is 6 times 4, and is equal to 24. If also c stand 
for 2, then axbxc, (which is read a into b into c), is equal 
to 24 X 2, or 48. 

Similarly 3xx means x taken 3 times, and is read *3 
times X*, or more usually ^ three x\ meaning * three x's*. 

This symbol x is often abbreviated to a pointy or even 
omitted altogether, where it must be understood. Thus 
axb, a.b^ and ab^ all mean the same thing, viz. a times h. 
Similarly 3x will stand for 'S times x'; Ji/ for *7 times y*\ 
and so on. 

Again, axbxc, a.b.c^ and ahc, all mean the same thing; 
and 3xy means ' 3 times the product o£x and f/\ 

Observe, then, that when no sign of operation is found 
between two letters standing together, or between a figure 
and a letter, as in ab, 3x^ the word ' times' must be under^ 
stood betwen them, as a times 6, 3 times x. We may omit 
the word in reading Algebra, but it is always to be under^ 
stood* Care must be taken by the learner not to confound 
3x with 3 + X, that is, 3 times x with 3 plus x ; and so also in 
other like cases. There is the more need to be careful here, 
because in Common Arithmetic the case is precisely reversedi 
There the sign of Addition is constantly omitted and under^ 
stood: for instance, 2i stands for 2-V^\ ^.^xa^asva* Sl^-v%\ 
and so on. Hence althoufjrh the Sign oj MulVlpVxcoiujfi^ ""f^ 
be omitted between two letter Sy or a JigHte otm. ^9X\xx^^^^ 
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obvious that it must never be omitted between two Aritk" 
metical Numbers which are to be multiplied together : for 
instance 57 cannot be used conveniently to stand for 5x7. 
Also in such cases it is not well to use the abbreviated sign, 
as 5.7, on account of its similarity to the decimal point: 
but between numerals, which are to be multiplied together, 
the full sign x should always be used. 

\\Exercises A, 5... 12, page 5.] 

5. Again^ since we know that 3x4 is equal to 4x3, 

5x7 7x5, 

6x10 10x6, 

and so on, whatever numbers we take; therefore we may 
say generally, that 

axb is equal to 5xa, 

or aJ) is equal to ba. 

6. (Factors). Every quantity which enters as a muU 
tiplier to make up a product is called b. factor of that pro- 
duct. Thus 5 and 7 are the factors of S5^ because 5x7 
makes S5 ; 3 and x are the factors of 3x; a and b are the 
factors of ab ; and so on. 

Observe, it must be either an actual product^ as 35^ 
or the equivalent expression, as 5x7, which has factors: 
in other words, the existence o£ factors presupposes a mw/- 
tiplication either already effected, or to be effected. So that 
any quantity, which has not been, and cannot be, made or 
produced by multiplication^ has no factors. Thus each of the 
quantities 7, 13, 17> has no factors^ since there is no number 
except 1 which by multiplication will produce any of them. 
If, however, 1 be considerei^ as a number, then Uie factors 
in each of these cases are respectively 1 and 7, 1 and 13, 
1 and 17. 

7* (Coefficients). In the quantity ab, or its equal ba, 
a is the co-f actor of b, and b is the co-factor of a; (just as 
we say, of two persons in partnership, that each is the co^ 
partner of the other). But instead of ' cof actor' the word 
^ coefficient' is generally used ; so that, in ab^ a is called the 
coefficient of 6, and b the coefficient of a. Thus, in 3x, the co^ 
efficient of x is 3, because 3 is the co-factor of ^ to make 3x. 

Also, in Sxy, 3 is the oaf actor or coefficient of xy ; 3x 
28 the ca^actor or coefficient of t/ ; 3y ia the co-/actor or co^ 
iUfScieni of a. 
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In QabCf 2ab is the coefficient of c; 2ac is the coefficient 
of h ; 9,hc is the coefficient of a; 2 is the coefficient of abc ; 
2a is the coefficient of 6c; and so on. 

In a, the on\y Jactors being 1 and a, the co-factor or 
coefficient of a is 1. 

In other words^ the number of times a quantity is taken 
is the coefficient of that quantity. Taking the same examples^ 
3x is 3 times x, or 3 is the coefficient of a? : Sxy is 3 ^ime* xy, 
or 3 is the coefficient of x^ ; or it is 3x times y^ that is, 3x is 
the coefficient of y; or it is 3v ^ime« a;, (since o;^ is equal to 
yx) (Art. 5)*, that is, 3^ is the coefficient of a?. In a, a is 
taken 1 time or once, and 1 is the coefficient of a. 

There is no impropriety in making use of such an ex- 
pression as Sx times, or 2ab times, because each letter repre- 
sents a number, (Art 1). Thus, in 3xy^ if x stand for 10, 
Sx would be 30, and 3x times y would be 30^. 

\\Exercises A, 13... 20, page 6.] 

8. (Division), -t- is read 'divided by\ or more shortly 
^ by\ and signifies that the quantity whicn comes next after 
it is to be the divisor of that which goes before. Thus a-f-6 
(which is read a hy b) signifies that a is to be divided by b. 
Thus 8 4-4 is equal to 2. But this symbol for division is not 

much used^ because thejraction j-, (which is also read a by b), 

means the same thing as a -f 6, and is found more conve- 

8 
nient: thus - is the same as 8-r4, both being equal to 2. 

[^Exercises A, 21... 30, page 6.] 

EXERCISES. A. 

If a stand for 10, b for 3, and x for 7, what is the value 
of each of the following quantities t ? 

(1) a + b + x. 



(2) a + b-x. 

(3) a-b + x. 

(4) a-b^x. 



(5) 2a -X. 

(6) 40 + 36-2J?. 



(7) 7« + 26 - 2x. 

(8) 5a-4»6 — 4r. 

(9) 2ab - 3x. 

(10) 2o + 5-36j? + 100. 

(11) ^ab-abx. 

(12) 3a + 6j;— xx% 



• ThisistbeuBual way of referrhig the tcadci to a Ytwwv^<^sw\A^«to?^^ 
f The anewen to ail the JBxereiBes will be ioxmei «A. \Sa» ca^ Q^- ^feX«Q««^- 
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(IS) What is the coefficient of x in Sax ? 

(14) What is the coefficient of x in 6ahx ? 

(15) What is the coefficient of hx in 6ahx ? 

(16) What is the coefficient of a in each of the quan- 
tities 9.ay 2ab, ahx^ Sabx^ ma^ axx, pax^ ahxy ? 

(17) What is the coefficient of 25 in 125 ? 

(18) What is the difference between S+x^ and Sx, 
when X stands for 7 ^ 

(19) What is the difference between Sa + ar, and Sa - x, 
when a stands for 10^ and x for 6? 

(20) What is the difference between Sa + x, and 3aar; 
when a stands for S9 and or for 2 ? 



Find the value of each of the following quantities, when 
a stands for 10^ ^ for 3, and or for 7 : 



<21) 
(22) 

(23) 
(24) 
(25) 



Sax -T- 7. 
Sax -r 76. 
2a + ar 



6 ' 


36 + 3x 


a 


a — x 



(26) 
(27) 
(28) 

(29) 
(30) 



3a flJo? 

T"^^''-2i5"- 

5a+x bh + a 



b 
Sx 



~ 2ar-36* 

4fl+2'^ lOa-16' 

2fl + 4 6 fl-26 
Sx—a—b x—b ' 

ma nb px ' 
6+a' a-x a-b ' 



9. (Involution). If a quantity is multiplied by itself 
any number of times^ the quantity is said to be involved, 
and the operation is called Involution* Here the following 
convenient abbreviations are used : — 

a X a we write a", which is called the 2nd power o£a; 

axaxa a% 3rd 

axaxaxa a^ 4th 

and BO on; a, or a\ being called the IsX. i^oviet oi a* 
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Also cf is called the square of a, and is read ^a square' ; 

a' cube 'a cube'; 

a* is read ' a to the 4th'; a^ is read ' a to the 5th'; and so on. 

Observe, a is the same as a\ not a^. 

The small figures ^ *, ^ *, &g. placed as above to the 
right of quantities are called their indices, because they point 
out the power of the quantities. 

So, then, we have now an abbreviated form for both 
a +a, and axa. The former is written 2a, the latter a\ 

If a stand for 4, 2a is equal to 8, and a' is equal to l6. 
Also, it must be carefully remembered that 2a* does not 
mean the square of 2a, but twice the square of a. 

[^Exercises B, 1 ... 8, page 8.] 

10. (Evolution). Evolution is exactly the reverse 
operation to Involution. It is the process by which we 
^evolve* or * extract' the original quantity, called 'root\ by 
the Involution of which a proposed quantity is produced. 
For example, the * square root' of any proposed quantity is 
that quantity which, being multiplied by itself, or squared, 
will produce the proposed quantity. Also the * cube root' is 
that quantity which being cubed will produce the proposed 
quantity. Thus 3 is the square root of 9^ because 3 squared, 
or 3x3, is equal to Q; and 3 is the cube root of 27> because 
3 cubed, or 3 x 3 x 3, is equal to 27* 

Again, a is the square root of a*, because ay. a gives a*; 
also a is the cube root of a', because a^axa gives a'. 

The abbreviations here are these : 

Instead of writing 'the square root of we write ^, or J'; 

* the cube root of IJ , 

The symbol S'is a corruption of the letter r, the first 
letter of the word ' root', and as the letter r is now often used 

in Algebra for other purposes, the more unlike J" is made to 
its onginal form the better. 

For the square root J~^iB commonly used, not ^, which 
is more strictly correct. And it is read simply ' root*, but 

meaning the square root. Thus Ja is read ^ root a', mean- 
ing the square root of a. 

A^aiji, just aaa + a is written ^a, ^o Ja -v Ja^ ^x V^vy^^ 
the square root of a, is written 2 Jo, and Te«A * Wv»xckcN.c^ 
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Also Jai signifies ' the square root of a times h' ; 

Ja + b ' the square root of a plus h\ that is of 

the sum of a and b ; and so on^ the symbol ^^being extended 
in its upper limb to cover the whole quantity of which the 
root is to be taken. 

Hence, if a stand for l6, and b for g, J a + 6 is equal to 
sj^, or 5 ; and Jah is equal to ^144, or 12. 

Also a/ t- means that * the square root of the fraction 

a fa 

r is to be taken ; but ^ means that 'the square root of a 

is to be divided by b\ 

[Exercises B, 9- • -21.] 

EXERCISES. B. 

If a stand for 1, b for 9, and c for 8, find the value of 
each of the following quantities : 

(1) a^ + h^^c'. 

(2) lSa' + 36"-4(?'. 

(3) 5fl&c-226»+3c». 

(4) a'b + b'c. 

(5) 12a&"+20a»6-26c'. 

&* fl* r" 

(6) ?-+«-£-. 



(7) 



8a6" 9a(?' 



3(? 26c • 
(8) ma'+nb'-pd'. 



(9) ^Jb-J^c. 

(10) 7a6 + 7^*^. 

(11) a + Jb^JaE+2jWc. 

(12) J^c + b-J^b-^a. 

(13) m^-^ + n^-^^pJ^c. 

(14) Uac-^J^-Z^V. 

(15) Jb + c-a-ljSb-Zc-'Sa. 

Vbh 

(16) !^+^c./s/:Q-4Ub^. 



(17) What is the difference between Sfl, and a', when 
a stands for 2 ? 

(18) What is the difference between 2jx, and 2 + ^jr, 
when a? is 100? 

(19) What is the difference between S^, and Jx, 
when ^ is 64 ? 

{£0) What 18 the difference belNveen JaVb^ and 
a/^-^ 6, when a stands for 1, and b for ft^ 
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(21) "What is the difference between W^, and ^> 



when a stands for l6, and 6 for 4 ? 



11. The following are certain other symbols^ or abbre- 
viations^ in common use : — 

= stands for ^ti equal to\ and is read ^equals'. Thus 
2 + 4 = 6; a+x = b, is read 'a plus x equals h', and means 

that the sum of a and x is equal to 6; 8+4 = 2; ij^ = 5; 
and so on. 

> stands for ^ is greater than*; thus a > 6 signifies that a 
is greater than h. 

< stands for ^ is less than ; thus a < 6 signifies that a is 
less than h. 

.•. stands for ^therefon^; '.• for * since\ or * because'. 

12. (Terms). Algebraical quantities are said to consist 
of one or more Uerms\ according as they are composed of one 
or more parts separated by the signs + or — . Thus a is a 
quantity of one term: so also is each of the quantities 2a, 
ab, (fb, abc, and so on. Again^ a + & is a quantity of two 
terms: so also is a^b^ and ab-\-ac, and a^b-abc, and so 
on. A quantity of three terms is of the form a + 6 + c ; &c. 

13. (PosiTiVB AND Negative Quantities). Any 
quantity of one term preceded by the sign +> taken together 
with the sign^ is called a positive quantity. Any quantity of 
one term preceded by the sign — , taken together with the 
sign, is called a negative quantity. And since + a is the same 
as a, (for it signifies a to oe added to 0) all quantities of one 
term^ ¥dthout either + or — preceding, are positive quantities. 
Any quantity o^ more terms than one will be positive or 
negative according as the sum of the positive terms taken 
together exceeds or falls short of the sum of the negative 
terms taken together. 

This may be illustrated by the case of a person taking 
an account of what money he is worth. He first puts down 
his stock on hand, which may be represented by a, without 
sign : then the amount of the sums due to him from others, 
which may be represented by 5, toitfc a -v ^t^ V|wt xx^ 
because it is to be added to a. T\iea V\^ ^^\& «t^ \»>Qfc 
sublracted, and their amount may \>c Tcgt^sRSoX^^^s^ — ^> "« 
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negative quantity; so that the money which he is really worth 
will be represented by a + 6 — c. 

In a case like this a person easily distinguishes between 
positive and negative quantities ; and if he finds that c is 
greater than a + 6^ he has no difficulty in fully comprehend- 
ing the meaning of a negative quantity, 

N.B. Although there are many 'signs' in Algebra, as 
the preceding pages testify, yet when we speak simply of 
* the sign' of a quantity, we always mean either + or -, that 
is, simply to express whether the quantity is positive or 
negative, 

QUESTIONS. 

1. How do you define Algebra, and of what use is it ? 

2. What do you mean by ' Quantity ?' 

3. Why do we use letters to represent quantities in 
Algebra? 

4. What do you mean by a + 6 ? Write it at full length 
in words. Does 2 + 5 mean that 2 is added to 5 ? 

5. What does 23 mean in Arithmetic ? What does ai 
mean in Algebra ? 

6. What is 3a an abridgment of? Which is greater 
3a, or 3fl — 6 ? 

7. If a stand for 1, b for 2, and c for 3, would abc be 
equal to 123 ? If not, what is it equal to ? 

8. What does 5 1 mean in Arithmetic? What does a- 

3 c 

mean in Algebra f 

g. According to the definition of +, what is the mean- 
ing of + a; standing thus alone ? 

10. Is the quantity, whose factors are 6 and 7, the same 
as that whose factors are 7 and 6 ? What is the quantity ? 
Is ab SL factor of abc ? What is understood between any two 
contiguous letters in abc ? 

11. What is signified hy ab — c} Write it in words. 

12. What is signified by 2ab + 3 ? Write it in words. 
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14. Definition. Like quantities are such as differ 
only in the numerical coefficients. 

Thus 4ay 'Itty lOa^ are like quantities; so also are Sa6, 
&ahi ab : so again are t^, Stf^ 5a' ; and so on. 

Def. Unlike quantities are such as are either repre- 
sented by different letters^ or by different combinations of 
the same letters. 

Thus a, h, x are unlike quantities ; so also are 2a, Sb, 4sx; 
so again are ab, a^b, a'b'; and so on. 

Ex. 1. Group together like quantities, -with their proper 
signs, from 5fl — 36, 4a + 7b, and - 8fl — 56. 

Ans. +5a — 36 Here the quantities in each column 

+ 76 are like^ but the two columns are 
— 5b unlike. 

Ex. 2. Group together like quantities^ with their proper 
signs, from 

a* + 3a«6 + 3a6"+ 2a» + 26*+ 5a6*- 8a(j"- a'6- 6». 



+ 5a 
+ 4a 
-8a 



Ans. 



+ a» 


+ 3a"6 


+ 3a6» 


-8ac' 


+ 2a» 


- a»6 


+ 5a6* 





+ 26* 
- 6» 



Ex. 3. Group together like quantities^ with their proper 
signs> from 2a - 36 + 76c + 6*c — 5a6c + 2xy - Sor* + 56" + 76'c 
- 9a - 26' + 66 + 1 Oa - 5ar* - J?y + ^c* + a6c - 26c + c"- 6 - Sc'. 



Ans. 



+ 2a 


^Sb 


+ 76c 


+ 6«c 


— 5abc 


+ 2x5^ 


-Sx' 


+ 5b' 


- 9a 


+ 66 


-26c 


+ 76'c 


+ a6c 


- ^ 


-5a* 


-Zb' 


+ 10a 


- 6 








- 


+ «• 





+ c" 
"Sc* 



15. To add like quantities together. 

Rule 1st. When the quantities to be added together are 
preceded by the same sign^ either -\- or ^, {bearing in mind that 
for such as have no sign + is to be understood [Art, 13)} the 
addition is performed by taking the sum of all the numerical 
coefficients^ with that sign, for the new coefficient^ and annex* 
ing to the right hand of it the common letter or letters. 

Thus 5a and 4a added together make 9^ ; for 5a means 
5 times a, that is, a + a + a + a + a, and 4a xck&«:iv& ^^ Viaaes o.^ 
thati^, a + a + a+a, therefore 5tt added \.o ^ \"& ^««sS:^ ^ 
taken g limes or Qa. Again, - %h means ^b to be subUac\.e^^ 
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and - Sb means Sb to be subtracted, therefore — 2b added to 
— 3b is 26 to be subtracted added to 3b to be subtracted^ 
which is clearly 56 to be subtracted, that is, - 56. And the 
same reasoning will apply to ani/ like quantities. 

Rule 2nd. When the like quantities to be added together 
have different signs^ some +, otners — , the addition is per-- 
formed by taking the difference between the sum of the positive^ 
and the sum of the negative, coefficients, with the sign of the 
greater sum, for the new coefficient, and annexing the com- 
tnon letter or letters. 

Thus if 5a, or + 5a, is to be added to — 2«, this can only 
mean that we are to find the joint effect of adding 5a and 
subtracting 2a, which clearly leaves 3a to be added, that is> 
+ 3a. 

Again, to add together Sa, —2a, '-5a, and 10a; here 
we have 13a positit)e, and 7a negative; therefore upon the 
whole we have 6a positive^ that is, the sum of the quantities 
is + 6a, 

Also, to add together ^3a, 2a, 5a, and — 10a: here we 
have 7^ positive, and 13a negative, therefore upon the 
whole we nave 6a negative, that is^ the sum of the quantities 
is — 6a, 

The following additions are correctly performed for the 
learner's inspection : — 

2a? Sa6 ^5a ^ ab 

4iX 5ab ^6a —5ab 

Ix 9.ab -2a -Sa6 

X ab — a — 2a6 



Sum = 143r lla6 -14a -lla6 



4a 


2xy 


3a' 


15ab' 


"7a 


7ipy 


2a» 


- 7a6» 


5a 


^6xy 


'-6a' 


- 4a6" 


— a 


- ^ 


7a» 


9ab' 


a 


+ 5xy 


-4a' 


- 3a¥ 


10a 


xy 


^5a' 


- a6' 


^6a 


"^xy 


10a» 


- 10a6* 



Sum = 6a 7a' -a6* 
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Rule Srd. When quantities of two or more terms are to 
he added together^ like terms may be added separately, and 
these sums, with their proper signs^ placed in one line, will be 
the sum required* 

Thus if 2a + 35 is to be added to 3a + 45, 2a and 3a he- 
ing added together make 5a ; and + 3b added to + 4A makes 
+ 7b ; so that the whole sum required is 5fl + 7b, Or, if 
3a — 45 is to be added to 2a + 36, 2a and 3a make 5a, — 46 
and + 3b leaves — 6 ; so that the sum required is 5a — 6. 

In fact^ since 2a + 3b means no more than that 3b is 
to be added to 2a, and 3a + 46 that 46 is to be added to 3a, 
when we say, add together 2a + 3b, and 3a + 46^ it is plainly 
the same as saying, add together 2a, 3b^ 3a, and 46. 

And^ indeed, this is no more than is done in Arithmetic^ 
when we add two or more sums of money together, we 
separate like terms from all and add them togeuier, all the 
pence together, and all the shillings together^ and all the 
pounds together. 

£x. 1. Find the sum of 5a - 36^ and 4a — 76* 

5a -36 
4a- 76 

Sum = 9a -106 

Here 5a added to 4a is 9a; and 36 to be subtracted 
together with 76 to be subtracted is manifestly IO6 to be 
subtracted, that is, — 106. 

Ex. 2. Find the sum of 5a — 36, and 4a + 76. 

5a -36 
4a + 76 

Sum s 9a + 46 



Here 5a added to 4a is 9a ; 76 to be added and 36 to 
be subtracted leaves 46 to be added, that is, + 46. 

Ex. 3. Find the sum of 5a - 36, 4a + 76, and - 8a - 56. 

5a -36 

4a + 76 

-8a- 56 



Sum= a— 6 



Here we have Qa positive, and 8a negative, which leaves 
la, or a, positive : then we have 76 positive, and 86 nega-i 
tive^ wlidch leaves 16^ or 6, negative. 
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Ex. 4. Find the sum of 3a*+45c-e'+10, -5rt' + 
66c + 2c'-15, and-4a»-9^c-10c' + 21. 

Grouping like quantities in order under each other^ we 
have 

Sa' + 4fhc- c"+10 
^5a' + 6bc+ 2c"- 15 
"W-gbc-lOe^ + ^l 

Sum=~6a" + 6c -Qe^ +l6 

The first column of like quantities consists of 3a^ posi- 
tive, and Qa^ negative, which leaves 6a' negative, or — 6fl^ 
The second is 105c positive, and Qbc negative, which leaves 
l6(?, or be, positive, or + be. The next is Sc" positive, and 
lie* negative, which leaves 9^ negative, or —9^- The last 
is 31 positive, and 15 negative, which leaves l6 positive, 
or +10. 

{^Exercises C, 1 . . .24, page 15.] 

16. To add unlike quantities together. 

Rule. Strictly speaking this is impossible. All that is 
meant is, to combine the quantities together in a more conve^ 
nientform with the necessary algebraical signs. 

Thus, in this sense, the sum of a, —6, c, — rf, and e, is 
a-b + c — d-^e. The quantities are in no sense actually 
added together ; but they are so placed as to express alge^ 
braicaUy the aggregate of them. For it must be borne in 
mind that a + b does not signify that b is added to a, but that 
it is to be added, when we know the numbers which a and b 
stand for. 

17. Rule. If the quantities to be added together consist 
of both like and unlike terms^ the like terms must be added by 
the method of Art, 15, and the unlike affixed to that sum in the 
same line with their proper signs. 

It is immaterial in what order the quantities are set down 
in the sum, provided each has its proper sign. But it is 
usual to keep the order of the alphabet, unless there be some 
special reason for a different arrangement. 

Ex. 1. Add together a+2b-c, a-5e+Qc, and x+y + 3e. 



Here a and a are like^ 

— 5e and +3e 

— c and + 2c 

the rest are unlike. 



a + 2b — c 

a — 56 + 2c 
3e + x+y 



Sum=2a + 26 + c-2e + 4?+^ 
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Ex. 2. Add together Sa^-lc, 2b^ — ac, ^—ab, and 



Here 3a" and a' are likcy 

26*and+^>» 

4c' and — c" ..... . 

the rest are unlike. 



9,h^-ac 

4c* — flft 
a«+ ^»- c« 



Sum =4a' + 3J* + 3c'-a6-ac-Ac 



Ex. 3. Add together ary- 1, a^ + % and y + 3. 

xy-X 

arV2 
/ + 3 



Here the terms are all 
unlike, except —1, +2, and 
+ 3. 



Sum =x^-^xy +y + 4 



[[£a:ercwe* C, 25. . .30.] 

18. The Rules above given for the Addition of like and 
unlike algebraical quantities are in no wise different from 
those employed in Arithmetic. For suppose we have to add 
together 3 hundreds, and 4 hundreds, we combine these 
like quantities by taking the sum of the coefficients 3 and 4, 
so as to make 7 hundreds. But if we have to add together 
3 hundreds, 5 tens, and 6 units, these, being unlike quantities^ 
cannot be added in the same sense, but are merely collected 
together in one line, 3 hundreds + 5 tens + 6 units, which for 
convenience is written shortly S56. 

EXERCISES. C. 
Add together 

(1) a + 6, and a + 6. 

(2) fl + 6, and a-h. 

(3) a — 6, and a-h, 

(4) fl — 6 4- c, and a-\'h — c. 

(5) fl — ft + c, and a + b + c. 



(6) l-2wi+3»,and3wi-2n+l. 

(7) 5m + 3, and 2m - 4. 

(8) 3a?y - 2 J*, and a?^ + 6j:. 

(9) 4/)-2g+l, and7-3p+^. 
(10) 5fl6 — 26c, and ab + 6c. 



(11) 2aa? + Sby^ and ax - by. 

(12) 3a - 26 + 4c, and 2a - 36 + c. 

(13) ary + j?-7, and 3ar5( - 2ar + 3. 

(14) p + q-pq, and 2pg -3p + 2q. 

(15) |j'+ 2p^ + g«, and p»- 2|Wj[+ <(. 
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(16) 7«6-5flc+l, and fl6 + 6ac~2. 

(17) 7^-%» —x — Sify ^x + 1/, ^2x+3y, anda; + 8y. 

(18) 3-a, -8-fl, 7a- 1> -fl-l, andg + a. 

(19) a-Sb + Sc-d, and a + 36 + 3c + d 

(20) a'+ 9,ab + 6*, and 2a'- a6 - 36". 

(21) Sx^-6x + 5^ 9.x-3-a^, and 4»-x-2a:*. 

(22) ac + 6rf, 6(/ — cdy and ac + cd, 

(23) ax — by, x+y, and ax — x-by-y. 

(24) 4jf*^-4aary-2o'x+2x', and a^y ■{■ axy ■{■ a^x -' x\ 

(25) 8m» + m, and 1 - n - 7»i«. 

(26) 9j?-8^-7, and3j8:-9a? + 6y + 7. 

(27) a?'- 2fld?"+ a'a?, ar'+ Sax", and 2a'- aa?"- a'j?. 

(28) a«-3a6-§6«, 22»»-|6» + c«, fl5-i6«+6», and 
2fl6-i6'. 

(29) i«'+ 2xy, f d?"- ary +y, and wia: + iiy. 

(30) ad + 26£i - Scd^ ^ad-^bd^ and i a6 + 2c£i - ac. 



1. 
2. 
3. 
4. 
5. 



QUESTIONS, 



Are 4a, and 4ib, 'Uke' or 'unlike' quantities? 
Are 4a, and -3a, 'like' or 'unlike' quantities? 
Are «", and xi*^ 'like' or 'unlike' quantities? 
Are 2xy, and ^xy, Hike' or ^unlike' quantities ? ' 
Are 5*'^, and 4yx*, 'Zi^e' or 'unlike' quantities ? 
6. Express the ^sum' of each pair of quantities in each 



of the preceding questions. 



SUBTRACTION. 

19. To suBTRAcr, or take away^ one quantity from another. 

Rule. Change the sign of the quantity to be subtracted, 
+ into — , or — into +, as the case may be, and then add the 
quantities together by the rules for Addition. 

1st If the quantities are like, and of the same sign, 
that is, both positive, or both negative, their difference is 
found by taking the difference of the numerical coefficients, 
with that sign, for the new coefficient, and annexing to the 
right hand the common letter or letters. 



SUBTRACTION. 17 

' Thas, suppose 2a is to be taken from 5a^ since Ba^Sa^^a^ 
.*. 2a f which is the same as +2a^ taken from 5a, leaves Sa. 

'Or, suppose -2a is to be taken from —BUy since —5a 
— — Sa- 2a, .•. - 2a taken from — 5a leaves — 3a. 

2nd. If the quantities are like, but of different signs^ that 
is, one positive, and the other negative, their difference is found 
by taking the sum of the numerical coefficients for the new 
coefficient, with the sign of the quantity from which the other 
is to be taken^ and annexing the common letter or letters. 

For suppose 2a is to be taken from - 5a, the result is 
obviously equal to —Sa-Qay which we know to be —7a, 
Or, if — 2a is to be taken from Sa, since 5a ^T a — 2a, 
.•• — 2a taken away from 5a leaves 7fl. 

3rd. If the quantities are unlike, their difference cannot 
be found, but can only be expressed by writing the qua- 
lities in one line with the proper signs. 

Thus, if h is to be taken from a, this is expressed by 
a — 6. If — 6 is to be taken from a, since a = a + 6 — 6, /. - 6 
taken from a leaves a + 5. 

Hence collecting together the several cases which can 
occur, 

2a, or + 2a taken from 5a, or + 5a^ leaves + 3a, 

- 2a ''5a, -Sa, 

2a, or + 2a -Sa, - 7a, 

-2a +5a, + 7a, 

6, or + h a, or + a, + a - J, 

— h a, or + a, + a + 6, 

and observing that the same reasoning will apply to any 
other quantities besides those here used, it appears that we 
embrace all cases by the Rule above stated. 





EXAMPLES. 






1. From 3a 


2. From 7a 


3. 


From a 


take a 


take 6a 




take a 


Diff. = 2a 


a 







4. From Sa 


5. From 7« 


6. 


From a 


take— a 


take - 6a 
13a 

* 




take -a 


Diff. == 4a 


2a 






^ 
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7. From - Sa 8. From - 7« 9- From - a 
take a take 6a take a 



Diff. = - 4a - 13a - 2a 



10. From -Sa 11. From -7a 12. From.- a 
take — a take -Ga take -a 



Diff. =-2a -a 



13. From a + 6 14. From a-6 15. From ^ + ox 
take a-b take a + b take y^ax 

Diff. = 26 - 26 2ajf 



16. From Sa - 46 + 6(? 17- From 7a -26 + 4c -2 

take a-26 + 9c take 6a - 66 + 4(? - 1 

Diff. = 2a- 26 -Sc a + 46 - 1 



18. From2a-6a6- ac + 5 19. FromSxy-ar*- y + a 
take 5a-8a6-2ac-l take 2xy + ar* + 2y-6 



Diff. = - 3a + 2a6 -^ac + G xy-^-^Sy^-^a-^b 



20. From a' + 2a6-Sc* 21. From 5d?"- x^+ y 

take 2a' - 5a6 - 7^* take — a?" + 4a?y + Sf 

Diff.=-a* + 7a6 + 4c* 6x'-5j;^-2/ 

22. From 8a' + a:* - 56' - 5c* 23. From ar« - 3x' + 6ar - 10 

take ar' + 26'-5c' take a?*-4a:*+ 8jp- 9 

Difl; = 8a'-76' jr'-2ar-l 



1 2 5 3 

24. From a + -6 + l 25. From -«*--xy + -y 

^ o 4 % 

take-a + 6 + - take --«'--7jry--v* 

2 2 3 4 "^ 2*^ 



Diff = 2 ^ "* 2 * "^ 2 ar" - ory + 2/ 



[[£arerci><* D, 1 ... 18, p. 20.2 
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SO. Since a — b added to a+b makes 2a, and a — b taken 
from a + 6 leaves 2b, where a and b represent any two 
quantities whatever^ we can already deduce this general 
statement, viz. That the difference of any two quantities 
added to their sum is equal to twice the greater, and the 
difference taken from the sum is equal to twice the smaller^ 
quantity. Thus we are at once enabled to solve such ques« 
tions as the following :— 

Prob« 1. The sum of two numbers is IQO, and their 
difference is 50, what are the numbers ? 

By our Rule^ twice the greater number = 100 + 50 = 150^ 

.'. the greater No. = 75. 
And since the difference of the numbers is 50, 

.*. the lesser = 75 - 50 = 25. 
«% the numbers required are 75 and 25 : which, upon trial, 
wiU answer. 

Pbob. 2. The united ages of a man and his wife make 
77 years, and one is 7 years older than the other ; what is 
the age of each ? 

Twice the age of the older = 77 + 7 = 84, by the rule, 
.'. the age of the older is 42 years ; 
"Und .'. the age of the other = 42 - 7 = 35 years. 

Pbob. 3. Divide the fraction - into two parts> so that 

one shall exceed the other by -r. 

4 

Here the sum of the two parts = - , 

and the difference s~, 

11 3 
••. twice the greater part = o "^ 7 = 7 * ^7 ^^® ^^> 

13 3 
.*. the greater part == h of - = - . 

^ 4 o 

Also, twice the smaller part = « "* 7 *= i > ^7 t^c ^^^* 

M 4 4 

••. the smaller part = - ®^ 7 == • 

3 1 

Hence the two parts required are ~ , and ~ . 

00 



\Exercises D, 19, ao."]^ 
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20 MULTIPLICATION. 

EX£RCIS£S. D. 

(1) From a take b — x. 

(2) From a-k-h — c-d take a — b-hc — d. 

(3) From Ga-b-c take a-b + 2c. 

(4) From Sa + x — ob- 5c take « + 26 - 5r. 

(5) From SX'\-^y-5z take 2x + Sy + 4z. 

(6) From 2flJ? + 6y - c take ax—by-\- c. 

(7) From 36c — aft + a take 26c + ab- a. 

(8) From xy + a^ + y' take xy-a^ + y'. 

(9) From 2xy + 3jf* + 4y' take ory - 2a^ -y*. 

(10) From 2m» + 5wi — 3» take mn-^m + n*, 

(11) From -2xy + f«d?-py take — Sxy - 2mx — py. 

(1 2) From 5ahc - 2fl6 — Sac take 2a6c + a6 - ac + 1 . 

(13) From a* - 6' + c' take a* - 26* - 2c". 

(14) From 4ajr - 3a' + 2a?' take 2ajr - a' + 4x*. 

(15) From 3a'6 + 2a'c- Sc" take a'6 - a^'c - Tc*, 

(16) From 2xy + Sa - a'6 + 5 take 2a - a'6 + 6. 

(17) From g^^-g^i^ + g ^^e l^^-^^^y—^^ 

(18) From a + 6 - c take o« — h^^o^* 

^ ^ <w 



(19) The united ages of a father and his son make 60 
years, and the father was 30 years old when the son was 
bom, what is the age of each ? 

(20) Divide 1 into two fractional parts, so that one part 
shall exceed the other by ^. 



MULTIPLICATION. 

21. To multiply one single term by another. 

Rule. Write the letters (of the single terms to be 
multiplied together) side by side, as factors of the required 
PRODUCT : and multiply the numerical coefficients /ogc- 
therfor the new coefficient*, prejixing the sign + if the terms 
to be multiplied together have both one sign^ and ^-^ if they have 
different signs. 

* The learner must bear in mind that in every case where a quantity 
smpears without a numerical coefficient, the coefficient 1 is understood v 
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For, 1st If the quantities be both posUive, as ^a, and 
Sb, their produci, by Art. 4, is equal to Sax 3^ Now 
2ax^ =2xaxSx6, and ax3=3xa, (Art 5), .-. the pro- 
duct required =2x3xax6 = 6o6, since 2x3 = 6. 

2nd. If one of the quantities be negaiirey or the product 
is required oi2a times— 36, or —2a times 36, in either case 
the meaning can only be, that 36 is to be subtracted 2a 
times, and it is clear that this will differ from 36 to be 
added 2a times only in the sign of the product, .*. the pro- 
duct is — 6a6. 

3rd. If both quantities be negative, as —2a and -36, 
— 36 is to be subtracted 2a times, that is, — 6a6 is to be sub- 
tracted; but subtracting — 6a6 is the same as adding +6a6, 
(Art 19)> •*• the product is + 6a6. 
Hence it appears, that 

+ 36 multiplied by +2a produces +6a6, 

-36 +2a -6fl6, 

+ 36 -2a -6a6, 

-36 -2a +6a6. 

And since the same reasoning will apply to any other 
quantities besides those here used, we embrace all cases in 
we Rule above stated. 

Exs. 2j:x5y=10xy; --SxSa^—lSa; 7jii x - n = - 7«»t«» 

2a6 x3ac = Saabc^ or 6a'6c; - 7axy x 4a6c = — 28a'6cxy ; 

2ax36x4c=6a6x4c=6x4xa6c = 24ia6c. 

[^Exercises E, 1 . . .6, p. 24.] 

22. To multiply a quantity consisting of two or more 
terms by a single term. 

Rule. Multiply each term of the multiplicand separately 
according to the nJe stated in Art, 21, and the sum of these 
separate products is the product required. 

• Thus, let it be required to multiply a'\-h-hc + &c., by m ; 
then a taken m times is ma, b taken m times is mb, c taken 
tn times is mCy &c., and the sum of these separate pro- 
ducts is 

ma + mb + wic + &c., which is the product required. 

For it is evident that the parts which make up the 
whole being separately taken m times, and added together, 
must produce the same as the whole quantity taken m times. 
Hence the Rule in this case is as above stated* 



22 HULTIPLICATTOK. 

Ex. 1 . a-hb^c multiplied by 2 = 2a + 26 — 2<?. 

Ex.2, a-6 + c -2 = -2a + 26-2<?. 

Ex. 3. a — b-hc d^ad-^bd + cd. 

Ex.4, fl-6 + c '-d = '-ad + bd—cd, 

Ex. 5. ax-¥by c = acj? + 6cy. 

Ex.6. ax-\-by-cz 2p = 2flp« + 26/3»y-2<5pz. 

Ex. 7« 2a + S6-4c 2ar = 4air + 66jr — Hex. 

Ex. 8. ax+by ax — aV + a6jry. 

Ex. 9. ax + by ^by = ^ abxy — 6y. 

Ex.10. 7*P-4^ + 6 3af = 21x*--12ay + 18jr. 

Ex. 11. 6j:*-lSa?+l b^SOx^-GSx -^-S. 

Ex. 12. a?*— pjr + g px=spx*-p'x''\'pqx» 

Eii.l8. iab + ^cd 4Mb = 2a'b' -^ 6abcd. 

Ex. 14. mj? + S— ^ -i»=-imii« — |-« + ^iiy. 

^Exercises E, 7. • • I6, p. 25.] 

23. To multiply one quantity by another; when both con" 
sist of two or more terms. 

Rule. Multiply each term of the multiplicand by each 
term of* the multiplier, according to the rule for single terms, 
and the sum of these separate products mill be the product 
required. 

For, let it be required to multiply a + 5 byc + ^i; this 
means that a + 5 is to be taken c-\-d times, that is, c times 
and d times. Now a + 5 taken c times produces, by rule of 
Art 22, ac + bc; and a + b taken d times produces, by the 
same rule, ad-\-bd; .*. a + 5 taken c times and d times, 
that is, c-hd times, produces ac-hbc + ad-\- bd, which is the 
product required. 

Or, if the quantities be a + 5, and c-^d, a-k-b multiplied 
hy c- d means that a + 5 is to be taken d times less than c 
times. Now a + & taken c times produces ac-\-bc; but this 
is too much by d times a + b, that is, by ad + bd; .*. ad + bd 
is to be subtracted from ac + 6c. Hence the product re- 
quired is ac + 6c — a^ — bd, following the rule of subtraction 
in Art. 19- _ 

Or, if the quantities be a — J, and c-^d, the product of 

these is, as in the last case, c times a-b wanting d times 

a — 6, that is, ad—bd subtracted from ac — bc, which leaves 

ae-'6c''ad+ bd^ (changing the signs in XSaa ^axv^il-^ to be 

subtracted, according to rule). 
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Hence it appears, that 

a-hb multiplied by c-^d produces ac -^ he -h ad -^ bd, 

a + 6 c — d ac + be " ad — bd, 

a-b c — rf ac - be — ad -^ bdy 

therefore the Rule in this case is as above stated. 

When either multiplicand^ or multiplier, or both, con- 
sist of more than two terms, the rule is not altered, as maj 
easily be seen. 

EXAMPLES. 

1. Mult x + 1 2. Mult 21, or 20 + 1 

byj: + 2 by 19, or 20-1 



Prod*, by x^x' + x 189 400 + 20 

... by +2= +24P + 2 21 -20-1 

Whole prod*. = «• + 3* + 2 Prod*. = S99, or400-l 



3. Mult 2 + a 4. Mult a + 6 

by 3-6 by a + 6 



Prod*, by 3=^6-^Sa Prod*. by a = a^-^ab 

... by -6= -Qb-ah ... by + ft= +a5 + ft* 



Whole prod*. = 6+Sa - 26 - ab Whole prod*. = «* + 2fl6 + 6» 

5. Mult a — b 6. Mult x^Sy 

by a — 6 by 24p + 3y 



Prod*, by a^a^-ab Prod*, by 2x = 2x*-4jry 

... by-6= -a6 + 6* ... by+S^= +Sxy-6j^ 

Whole prod*. = a* - 2fl6 + 6* Whole prod*. = 2x' - xy -6y* 

7. Mult 2a + S6-4c 
by a + 6 — c 



Prod*, by « = 2fl* + Sab - 4ac 
... by +6= + 2£i6 + S6* - 46(? 
... by — c= -2flc-S6c + 4c* 



Whole prod*. = 2a*+ 5a6 - 6ac + Sb* -Ibc ^ «^ 



^Exercises E, 17 . • .3\, ^. ^^-"1 



24 . MULTIPLIGATION. 

24. To multi'ply powers of the same quantity togethisr, 

ItuLE. Powers of the same quantity are multiplied toge-* 
ther by adding the indices of the powers together. 

Thus a'x«' = a*; for c?^aa (Art. 9)» and a^^aaa^ 
.*• a'xa^ = aax aaa = aaaaa, or a\ 

In the same manner it may be shewn that a® x «'** = a'* ; 
and so on for other powers, always taking the sum of the 
indices. To prove this generally^ viz. that 

a'^xa'' — a****, whatever numbers m and n may stand for, 
we have, by Definition (Art 9)^ 

cT — a^a.a. &c, to mfactorSy 

and a" = a . a . a . &c. to w factors^ 

.'. crxa*=^a.a .a • &c. to m factors xa ,a , &c. to n factors, 

ssa,a.a. &c. to ?« + n factors, 

= a****, by Definition. 

The reasoning and the rule are the same, if for a we 
write a + b, or a -hb + c, or any other quantity ; that is, 
the powers of such quantities are multiplied together by 
adding the indices of the powers together. Thus the 2nd 
power of a + b multiplied by the 3rd power of the same 
quantity will produce the 5th power of that quantity. 

Ex.1. 2a?"x3jr' = 2x3xir»a;« = 6j:*. 

Ex. 2. 7ax X Qaxy = 7 x 2 x aaxxy = 1 Wo^y. 

Ex. 3. Ba^b x abc = 5a*a6%=: Ba^b^c. 

Ex. 4. ^^f^y"^ X 4^Yz = 3 x 4 x j^xYy^z'z = 1 2 jry 2^ 

Ex. 5. mna^y x—py—^ mnpj^yy = — mnpa^y'. 

Ex. 6. — 4fl6*cd? X — 2acx^y = Saab^ccxx^y = ^a^bVa^y, 

Ex.7. 2fl"'x3fl® = 2x3xa"*a' = 6a"***. 

Ex. 8. aaf^xbxr=»abx'^af' = abx''^. 

Ex. 9. ao?* xboTxca^ - abcaTaf'a^ = a&(?jr"*+*^. 

Ex. 10. 2aa?x-3%x-aVy=2x-3x-lxa*6a;*/=6a*6a?y. 

[Exercises E, 32 . . . 40.] 

Multiply EXERCISES. E. 



(1) a^^ by ^. 

(2) 3mn by r-jt?. 

(3) — 2a?^by»4a. 



(4) -2aryby-4a. 
h) ^b by 2c. 
(6) Sm?! by »ip. 
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(7 
(9 

(lo: 

(17 
(18 

(19 
(20 
(21 
(22 



Multiply 

»! + »— j5 by 3. 
flw? + ^j?* by p. 
ad + 2bd by 2a. 
4a' - 2axy by cue. 
Sx - 2jpy + 6 by — a?y. 



(12) 1 - ^ax+Sbx' by-37i. 

(13) 2a6 - Sac + 5 W by - 2ar. 

(14) 2xy-3 by 7x. 

(15) 2flar+%-c-s by Qai/z. 

(16) 2a'-6j? + £iby 6y. 



a + J? by 6+y. 
6jp + 4 by jr-1. 
a: - 4 by x-hS. 
2a? -5 by 3jr-2. 
1 — J? by j?+ 1. 
1 - a? by jr — 2jr'. 



(23) ax + bi/ by 2jr-^. 

(24) a + 2x hy a- 3x, 

(25) 70? -1 by 5jr-4. 

(26) 2fla? - 3bi/ by 4^ - 3 jr. 

(27) l-2m« by 2m + n. 

(28) a' - be by flc - b'. 



(29) l + 2a? + 3y by «-y. 

(30) a + x^i/ by 6 — y. 

(31) ac — bc + ad by 2a -6. 



(32) 

(53) 
(34) 

(35) 
(36) 
(37) 
(38) 

(40) 



a' + a'+a + l by a-1. 

a^ -h ax* + a'x -¥ a^ by a? -a. 

4a;*-6jr+ 9 by 2jr + 3. 

4 + 2j? + df'1by 4-2;» + a:'. 

a*- Qx' by oH^-a^. 

a?" + 3a?* + 9ar + 27 by j?-3. 

2aV + S6'j( by ^a'a^-Zb^y, 

2a' - 3a6 + 6' by 2a» + Sab - 5*. 

a* + a*-a-l by 1 -a + a'-a'4-a^ 



DIVISION. 

The words Dividend, Divisor, and Quotient, have the 
same meaning here as in Common Arithmetic. 

To divide one quantity by another is to find how often 
the latter is contained in the former^ that is^ the Quotient : 
and it follows from the nature of Division that the duoUetvi 
is always that quantity which, bemg ixk\]^>a^\^^V5 '^^T^'v- 
tfif(?r will produce the Dividend, 



2G DIVISION. 

25. To divide one single term by another. 

Rule. Split the dividend into two factors, making the 
divisor one of them, and the other factor is the quotient. 

For^ since Quotient x Divisor = Dividend, it is clear that, 
if we can form the Dividend into two factors, one of which 
is the same as the Divisor^ the other factor is the Qtfo/ten/. 
Thus, if it be required to divide Sx by «, since the cof actor 
of X in Sx is S, 3 is the quotient. Or if it be required to 
divide 3x by 3, x is the co-f actor of 3 in 3x; therefore x 
is the quotient in this case. 

Hence, when one single term contains another exactly, 
to divide one by the other the Rule is as above stated. 

Ex. 1. To divide 6ahc by 2a6. 

Here 6ahc = 2abx3c, therefore, by the rule, 3c is the 
Quotient. 

Ex. 2. To divide lOxy by 2^. 

Here lOxy = Zy x 5x, therefore 5x is the Quotient. 

Ex. 3. To divide — laxy by Tax. 

Here — laxy = ^ax x — ^, therefore —^ is the Quotient. 

Ex. 4. To divide 6mnpr by - mpr. 

Here 6mnpr = - mpr x — 6n, therefore - 6n is the Quo^ 
tient, 

Ex. 5. To divide - 14a*i<? by - Qab. 

Here — 14a*6c-=— 2a& x 7«c, therefore 7«c is the Q»o- 

Ex. 6. To divide - 8a*6*c* by 4«&c. 

Here -8a'6V=4a6cx-2a6V, therefore -2a6V is the 
Quotient. 

Ex. 7. To divide 5a*6V by a*6c». 

Here Sa^b^'c^ := a'bc'' x Ba^b'c', therefore St^b'c' is the Quo- 
tient, 

Ex. 8. To divide 21 mw'p by %mnp. 

Here 2lmn^p = ^mnpx 14«', therefore 14n* is the Qi/o- 

Observe, any example may be stated differently, and 
perhaps with more clearness, in the following manner. 
TaAe Ex. 1 above. 
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How many times does 6abc contain 2ai ? 

Here Sabc^Sc x Qab, that is, 3c times 2«&, (Art. 4), there- 
fore 3c is the number of times required, or the Quotient. 

[JSxerdses F, I. ..12, p. SO.] 

26. To dimde a quantity consisting of two or more terms, 
hy a single term. 

Rule. Divide each term of the dividend separately hy 
the divisor according to the rule in the preceding Article, and 
the sum of the several quotients is the quotient required. 

For, since a + 6 + c + &c. multiplied by m produces 

ma+mb + mc + &c. (Art 22), 

.'. ma + mb-^mc-h &c., divided by m, gives a + 6 + c + &c., 

that is, »f fl -f- m + wtft -r- jw + wic -T- m + &c. Hence the Rule 
in this case is as above stated. 

Ex. 1. To divide ab + 2ac - Sad by a. 

Here ab'i-a = b, +^ac-^a = -{-2c, —Sad-^a^—Sd, there- 
fore the whole quantity divided by a is b + 2c- 3d, or 
b+2c — 3d is the Quotient required. 

Ex. 2. To divide mx + njf^pxy by x. 
Here mx-^x = m^ + na^ -r- x =s + nx, —pxy-^x^—py, 
therefore the whole quantity divided by x is m-^nx—py, 
or m-^-nx—py is the Quotient required. 

Ex. 3. To divide 4a V— 6a^bx + ^aa^ by 2ax. 
Here 4flV-^2aJ?=2aJ?, -^c^bx-r-^ax^^Sab, +2fla^-^2aa:=+4:', 
.*. 2ax — Sab + a:" is the Quotient required. 

^Exercises 13... 18, p. SO.] 

27. To divide one quantity by another when the Divisor 
consists of two or more terms. 

Rule. 1st Arrange the terms of both divisor and divi- 
dend according to the powers of some one letter, (if this be 
not already done) that is, beginning with the highest power 
and going regularly down to the lowest, or vice versa, (it 
matters not which, only it must be the same in both divisor 
and dividend). 

2nd. Find how often the first term of the divisor is 
contained in the first term of the dividend^ b'^ lVvtTvs\fe^«t^ 
single terms, Art 25, and put tbia cjaoldenX tet ^ i^axV. ^S.^^^ 
quotient required. 
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3rd. Multiply the whole divisor by this quotient, and 
place the product immediately under, and Struct it from, 
the dividend. 

4th. Taking the remainder thus found as a n^w divi- 
dend, repeat the operation, again and again, until either 
remains, or some quantity less than the divisor. The sum 
of the several quotients thus found will be the quotient 
required. 

In every respect this rule is the same as that for Long 
Division in Arithmetic, and grounded upon the same reasons. 
Thus to divide three hundred and eighty four by thirty- 
two, we first arrange divisor and dividend according to 
powers of 10, beginning with the highest — ^the divisor being 
written 32, which means 3xlO + S, and the dividend 384, 
which means 3xl0*+8xl0+4. Then we see how often 
the first term of the divisor, 3x10, or 30, is contained in 
the first term of the dividend, 3 x 10*, or 300, which is 10 
times ; we therefore put 10 as &part of the quotient Then 
10 times 32, or 320, subtracted from 384, leaves for first 
remainder 64. Using 64 for a new dividend, 32 is contained 
in it 2 times exactly, leaving no remainder. Hence the 
whole quotient is 10 + 2, or 12. 

Ex. 1. To divide ac + bc + ad + hd by a + b. 

Here the divisor and dividend arranged according to 
powers of a are a + 6, and ac + ad + bc + bd. The suc- 
ceeding operation, according to the rule, is represented as 
follows : 

a + bj ac + ad + bc + bd{jc + d 

ac-hbc 

+ ad + bd 
-had-hbd 







.\ c-^diB the Quotient required. 

In this Example we first seek how often a is contained 

in ac which is c times, and we put c as a pari of the quo- 

tient to the right hand: then multiply the divisor, a + 6, by 

4^ which produces ac + bc; then subtract this product from 

the dividend, which leaves the remauv^ejc -vadArhd^ "^^ 
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proceed with this remainder as a new dividend, and repeat 
the same operation^ by which we obtain + d for another part 
of the quotient, with no remainder. Hence c + d is the 
whole quotient. 

Ex. 2. Divide a"+ 6*- 2ab hj a-b. 

Here the divisor and dividend arranged according to 
powers of a are a—b and a'—2ab + b\ Then we proceed 
thus: 

a-bj a^-^ab-^b* (^a~ 6^ the Quotient 



— aA + 6* 



Ist we seek how often a is contained in a% which gives 
Of the 1st term of the quotient; a — b multiplied by a gives 
a'—ab; this subtracted from a^—ZabA-b' leaves — ai + 6*. 
Then we repeat the same process with - ab-h b* for a 
dividend; we seek how often a is contained in — a6, which 
gives — b, the second term of the quotient : a — b multiplied 
by —6 gives -ab-^b^ which subtracted from the new 
dividend, leaves 0, Hence a — b is the whole Quotient 
required. 

Ex. S. Divide 2fl* + S6* + 40* + Bab - 6ac - 7^ by 
a + A — <?. 

Here arranging according to powers of a, 

a-^b-cj go* + Bab - Sac + SA* - 7^ + 40* (2a + 3b-4c 

2a* + 2ai - 2ac 



-hSab- 
+ Sab 


-4ac + S6*- 
+ 3ft*- 


- 7bc + 4c* 
'Sbc 


■ 


- 4a<? — 4bc + 4c* 

— 4ac — 46c + 4c* 










.\ 2a+36-'4G is the QuQ^dcut Tenjivc^^, 
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Ex. 4. Divide 64 - a* by 2 - a. 
2^a) 64-a*' (^32 + l6a + 8a« + 4a« + 2a* + fl» 
64 - 32a 



32a- 
32a- 


-a* 
-I6a« 












16a'- 
I6a". 


-a* 
-8a» 








8a»- 
8a«- 


-a« 
-4a* 








4a*- 
4a* 


-a* 
-2a» 








2a»- 
2a*- 


a« 
a« 










••. 32 + I6a 4- 8a' + 4a' + 2a* + a* is the Quotient required. 

^Exercises F, ip. . .31.] 
EXERCISES. F. 



Divide 
(1) 7* by 7. 

7« by jp. 

7aj: by a. 

7ajr by 7^. 

3a6a: by ah, 

Sabc by 32»c. 

— axy by j?. 



(2) 

(4) 

(5) 
(6) 
(7) 
(8) 
\9) 



axy by — a*. 
6a'mn by — 2m«a. 

(19) a?'4-3ar + 2 by or + 2. 

(20) ac-bc^-ad-'bd by a-ft. 

(21) 6 + 3a - 26 - a& by 2 + a. 

(22) .4a' - 15*' - 4aj? by 2a + 3*. 



10) 14a'ar/ by la'y. 

11) — 7»i«"pjf by ^mnp. 

12) — %CLbx'y by — ^oir^. 

13) 3ac-2abdhy a. 

14) 4ac — 2aM by 2a. 

15) 8a?'-6ay by-2a?. 

16) 3bc + 24ab(^ - 6b'c' by 3bc. 

17) 4a'a:' — Sabx — 2aj? by — 2aj:. 

1 8) a V - 5abj^ + 6aj?* by ax". 
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Divide 

(23) 2a' + a-6by2a-3, 

(24) 2fli + 6abc - Sabcd by 1 + Sc - 4ccf. 

(25) S**+l6a?-35byx + 7. 

(26) Sx*+14a?' + 9« + 2byar" + 5x+l. 

(27) fli + 2a"-Si*-46c-flC-c*by 2ff + 3i+c. 

(28) 15a* + lOfl'* + 4a*«' + 6a«* - 3«* by 3tt'- «* + Qax. 

(29) 9p'+3p«^-2p^-2g*byj5-g. 

(30) a"aj"+fl*-2ai«*+&V+aW-2a*6 by aj?-&r+a'-a5. 

(31) 32j:' + 243 by 2« + S. 



GBEATEST COMMON MEASURE. 

28. DsF. That which will ^tvufe a quantity without 
I remainder is called a " measured' of that quantity. Con- 
lequently that which will divide each of two or more quan- 
iUes is called the '^ Common Measure" of those quantities, 
being a measure common to them all; and the Greatest 
Common Divisor is therefore the "Greatest Common Mea^ 
mr^\ In fact, measure is only another word for divisor, 
restricting the latter word to such quantities only as will 
divide without remainder. 

Thus 5 is a measure of 15, because it will divide 15 
without remainder ; it is also a measure of 25 for the same 
reason: therefore 5 is a common measure of 15 and 25. 
Similarly 2 is a common measure of 8 and 12 ; so also is 4: 
and 4 is greater than 2. Therefore^ as there is no other 
common measure of 8 and 12, except 2 and 4^ their Greatest 
Common Measure is 4. 

Again^ since 2a is divisible by a without remainder, and 
so also is 3a, a 18 a. common measure of 2a and 3a ; and as 
there is no other common measure, it is therefore the Great'* 
est Common Measure of 2a and 3a. 

It is evident, then, that a measure of any quantity must 
be a factor of that quantity; so that if we can split up a 
quantity into all the simple factors by which it is made up, 
!we can then see before us aU the measures of that quantity, 
and by doing the same with another quantity, we can at 
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GREATEST COMMON MEAStBE. 



once say which measures are common to both. Either the 
greatest factor^ or greatest product of two or more factors^ 
common to both, will be the *' Greatest Common Measure^' of 
the two quantities. 

29. To split up any number into its component factors^ 
we try all the numbers 2> S, 4, 5, 6^ &c. in order as divisors^ 
to see if they are measures^ and repeat each of them, which 
we find to measure, as long as it remains a measure of the 
quotient so obtained : thus taking the number 189, we write 
our operation as follows : (2 wiU not divide It^ but 3 will, 
so we begin with 3,) 



Now take 224^ 2 



3 


189 


3 


63 


3 


21 


7 


7 




1 


2 


224 


2 


112 


2 


56 


2 


28 


2 


14 


7 


7 




1 



7 /. 189 = 3x3x3x7. 



7 .•. 224 = 2x2x2x2x2x7. 



In the first case, 189 not being divisible by 2, we began 
with 3, and repeated it until we could no longer divide 
without remainder'; then we passed over 4, 5, 6, because 
none of them would divide without remainder. 

In the second case, 224 was divisible by 2 five times 
successively, but then only by 7. 

Hence, the measures of 189 are 3, 3, 3, and 7. 

224...2, 2, 2, 2, 2, and 7; of 

which 7 only is common to both; therefore 7 is a commofi 
measure, saia also the greatest common measure of 189 and 
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Ex. To find the a.cu.* of 385 and 396. 



5 


385 


7 


77 


11 


11 



.% 385=5x7x1 !• 



2 


396 


2 


198 


3 


99 


3 


33 


1] 


11 




1 



396=2x2x3x3x11. 



And since 11 is the od\j factor comwum to both^ there* 
fore 11 is the g.cx. of 385 and 396. 

For the usual method of finding the 6. ex. of two or 
more nuwU^erSy see anj treatise on Arithmetic^ or Wood's 
Algebra, Art. ig. 

30. To split ap an Algebraical quantity into its com- 
ponent simple factors, can only be learnt by practice: but 
for quantities of a single term the method is obvious enough. 
Thus 2a'6c'=2xaaocc, 4^6'c=2x2xaaa6^; and so on: 
in which form we see all the factors of the proposed quan- 
tities. Then, supposing the g.c.m. of 2a'bc^, and ia*b% to be 
required, we see that it is the product of the common fac* 
tors, 2,a,ayb,c, or 2a*bc. 

Again, to find the o. c. x. of SaVy, and 6a?ig ; here 

3a^j^tf = 3 X aaaaxxxxxy, 

Scfbx = 2 X 3 X aahxy 

in which the factors common to both are 3, a, a, x, and no 
other factor; 

.*. 6.c.x.~3xaajrs:3a'x. 

After much practice the Student will abridge the ope- 
ration in most cases, and it will become mare and more 
a matter oi^eye-sight. 

To find the 6. ax. of quantities consisting of tn)o or 
more terms is not needed tor the present work, and had 
better be deferred until the Student is able to take up the 
larger work of Dr. Woodt with efiect. 

* Br e. ex. is meant 'neatest conmiQii iii««AUT€ VcsifixSnnraii^ 
f WooD*» Jlffebra^ 13tn Edition, by liUiKi^»A^«^«VM>i«^* 
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LEAST COMMON MULTIPLE* 



EXERCISES. G. 



Find the g.c.m. of 
(1) 128, and 84. 
125, and 900. 
80, 100, and 140. 
ax, and hx» 
ba^, and 6V. 
apx', and a'px. 
5a'bx, and Wabxi/. 



(2) 

(3) 
(4) 

(5) 
(6) 
C7) 



(8) I5a^b\ and 3a'b\ 

(9) 9fl'6V, and 27a«6V 

(10) 14m'«p*, and 7mn|i. 

(11) abx^y and 2acxi/. 

(12) ^a^andfafi. 
, 5 

(13) flW, flc(f, and bed. 

(14) />ary, a;y, and apx^ 
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31. Dep. a multiple of a quantity is that which cc 
tains the quantity some number of times exactly, that 
Which is divisible by it without remainder. Consequent 
that which each of two or more quantities will divide wit 
out remainder is a common multiple of those quantities ; ai 
the least quantity which will do this is the '^ Least Comm 
Multiple". 

Thus 15 is a multiple of 5, because it contains 5 thi 
times exactly: 15 is also a multiple of 3, because it contai 
3 five times exactly ; therefore 1 5 is a Common Multiple 
5 and 3. Similarly 30 is a Common Multiple of the sai 
numbers 5 and 3; so also is 45. But 15 is the least 
such numbers, therefore it is the ** Least Common Multipl 
(l. CM.) of 5 and 3. 

Again, ^ab is a multiple of a, because it contains a exact 
^b times; it is also a multiple of b, because it contains 
exactly 2a times ; therefore 2ab is a common multiple of 
and 6, but it is not the Least Common Multiple^ since c 
which is also a common multiple of a and 6, is less than 2al 

It is plain, then, that a multiple of any quantity mu 
have that quantity for one of \\& factors; and a commi 
multiple of two or more quantities must have each of tl 
quantities as s^ factor, so that the product of any number 
quantities is always a common multiple of them all, but n 
aJwajs the Least Cwnmon Multiple. Thus of 2, 4, 6, tl 

pn}duct of 2x4x6^ or 48, is a commoii mttltip(c» but tl 

^eas/ Common Multiple is 12. 
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32. Hence to find the l.c.m. of two or more quantities, 
split each quantity up into its simple Jactors, and construct a 
quantity which shall contain every different factor found in all 
the proposed quantities^ but no factor repeated which is not 
similarly repeated in some one of them. It is obvious then 
that this new quantity so constructed is a multiple of each 
of the proposed quantities^ and also the least quantity which 
contains aU of them^ that is^ the Least Common Multiple of 
them alL 

Ex. 1. Thus, if the l.c.m. of 3, 10, and 6 be required. 
1st. 3 = 3x1, 10=2x5, 6 = 2x3, 

therefore the different factors are 3, 1, 2, 5, and no factor is 
repeated, that is, occurs more than once, in any one of the 
proposed numbers, 

.% the L.C.M. required = 3x1x2x5 = 30. 

Ex. 2. To find the l.c.m. of 8, l6, 10, and 20. 

Here 8=2x2x2, 16=2x2x2x2, 10=2x5, 20=2x2x5, 
the different factors are 2, and 5, and 2 is repeated 4 times 
in one of the proposed numbers ; 

.•. the L.c.M. = 2x2x2 x2x5 = 80. 

Ex.3. To find the L. CM. of 2a, 6a5, and 8a5. 

Here 2a = 2xa, 6a6 = 2x3xa6, 8a6 = 2 x2x2xfl^, 

the different factors are 2, 3, a, and by and 2 is repeated 
B times in one of the quantities, 

.*. the L.C.M. = 2x2x2x3 xa6 = 24a6. 

Ex. 4. To find the l.c.m. of 8a*, 12a', and 20a*. 

Here 8a"=2x2x2aa, 12a'=2x2x3aaa, 20a*=2x2x5aaaa, 

the different factors are 2, 3, 5, and a ; 2 is repeated 3 times, 
and a four times ; 

.*. L.C.M. = 2x2 x2x3x5aaaa = 120a*. 

The method of finding the l.c.m. of quantities consisting 
of tfvo or more terms is usually given in treatises on Algebra, 
but it is not suited to the scheme of this work, and is 
therefore omitted. What we have here introduced \% %vcqc^ 
with a view to enable the student iig\iliVy Xjj> \ttAKt^\38Sj>.^ *^^ 
next chapter on Fractions. 
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EXERCISES. H. 


Find the l.c.m. of 




(1) 21, and 24. 


(7) ax, and 6ar. 


(2) 12, 16, and 20. 


(8) ojr, and 2j?y. 


(3) 4, 7, 8, and 14. 


(9) 2ar, 6x, and 8j7. 


(4) 4, 7, 14, 21, and 24. 


(10) a&, ac, and 5c. 


(5) 1,2,3,4,5,6,7,8,9. 


(1 1) «», y», and 2 j^r. 


(6) 21, 22, 23, and 24. 


(12) bd, c'd, cd!*, and &r. 



FRACTIONS. 

Algebraic Fractions are precisely the same in character 

and signification as Fractions in Arithmetic. Thus -r signifies 

that the unit or whole is divided into b equal parts, and a of 
them are taken, a being the Numerator and b the Denomina^ 
tor, where a and b are any quantities, that is, general num- 



bers. 



a . 



33. To ^hetv that j- is equal to the h^ part of a.. 

The meaning of j- , according to the definition of a * frac* 

tion', is that the unit is divided into b equal parts, and a of 

them are taken to make the quantity represented byr* 

Now when the unit is thus divided, it is clear that each 

part is the b^ part of the unit; and t is a such parts, 

that is, a times the b^^ part of 1 ; but the b^ part of 1, re- 
peated a times, is clearly the same as the b^ part of 1 + 1 + 1 
+ &c. to a terms (Art 26), and 1 + 1 + &c. to a terms is a, 

therefore 7 is equal to the b^ part of a. 

34. If the numerator and denominator of a fraction be 
both multiplied by the same quantity, the value of the fraction 
is not altered. 

rp- fl 2a 3a ^ ita ^ 2a . .^ . ^ - 
^^"'fc^S^^sS^^'^-^iJJ- For ^ sigmfies that the 
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unit IS divided into Qb equal parts, and Qa of them are 
taken. Now when the unit is divided into 2b equal parts^ 
it is clear that each part is only half as great as when 
the unit was divided mto b equal parts; and therefore a 
of the latter parts are together equal to 2a of the former^ 
that is 

b"2b' 
By similar reasoning it will appear^ that r = qT = ~t> where 



na 



1 



n stands for any number whatever, each part in -7 being - ih 

of each part in -7 , but n times as many being taken of the 
former parts as of the latter, which preserves the equality. 

35. Hence also, since — 7 = t > if the numerator and 

no o 

denominator (^ a fraction be both divided by the same quantity, 

the vAiiUE oj the fraction is not alter ed. 



V 1 a _ axe __ac 
o oxc be 

Ft 2 a_ay>df adf 
^^•^' b" bxdf" bdf 



£x. 3. 



£z. 4. 



fl — jr ^ 2a — 2 j: 
4J "* 2ir 



a - 4J a — ax 



ax 



Ex.5. Izl^yzM. 
\ + x y^xy 

^ r, Sa-b Sab-b' 
Ex. o. 



2a- 36 2a6-36» 



-n » o^ ^6« 252a 
Ex. 7. 3oa = — - = -— — 

1 7 



Ex.8. 

Ex.9. 
Ex. 10. 

Ex.11. 

Ex. 12. 



ax — x^ a — x 

2ax " 2a 
2ax-2x' ^ a — x 

2ax ~ a ^ 
a'-{-ab __a + b 
a'—ab" a-^b* 

^a^'b-Sab* 2a^Sb 
labc " 70 

ax — 2aa:* _ 1 — 2^ 
Sax " S~"* 



By the last rule fractions are '* reduced to lower terms", 
when they admit of it; for by dividing numerator and 
denominator by some quantity which will divide them 
both without remainder the fractions are simplified, as 
may be seen in the last five Examples, without altering 
their value* 
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ADDITION Ain> SUBTRACTION OF FRACTIONS. 



EXERCISES. I. 
Keduce the following fractions to lowest terms ^ 



(1) 

(2) 
(3) 
(4) 

(5) 

(6) 



2ax 
3x * 

Asabc 
2ac * 
20abx 

Sabx' 
6ax 

15ay 
ab^x 



(7) 


tnX'-nx 
mnx 


(8) 


Za^-Sx 
5x 


(9) 


14a»+21a» 
7a*b • 


(10) 


^bc + 2c 
2flc • 


(11) 


2ajr-3ar"* 


(12) 


mnp — w^/j + tnp' 


m'p — wi»p + mp' 



ADDITION AND SUBTRACTION OF FRACTIONS. 

. 36. To add two or more fractions together. 

Rule Ist. If the fractions have the same denominator, 
add the numerators together for a new numerator ^ and retain 
the common denominator. 



a 



a-^c 



' Thus T + T = — i— > just as T + T = T- For in each of 
o 4 4 4 

the algebraic fractions the unit is divided into b equal parts, 

b being the denominator of each ; and it is clear that a of 

a c 

these parts^ or 7-9 added to c of the same parts^ ^^ a> gives 

a + c such parts^ or —r-* 

c.'-t-iacda-^-c-^d , , , 

Similarly, T + X "♦• T 1 > ^^^ so on, whatever be 

the number effractions. 

Rule 2nd. If the fractions have not the same denomi- 
nator, they must be replaced by others which have, without 
altering their value, by Art. 34, or 35. 
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ThuSy to add together 7- and ~ , which will represent any 

two fractions with different denominators : Since^ by Art. S^ 
a ad ^ c he a c ad be ad+bc . ^, 

1st case. 

Or, if there be three fractions^ t> j> :?> then since -,- 

oaf 

-i-Ty,t j= J — t1'=t4;^» (£ot exbrzbe, and dxb = bd, by 
bd/^ d dxbf bdf ^ * ' -^ 

A-^^-x j^ hdxe bde ace adf bcf bde 

Art. 5.) ana - = 7-; — . = -j— r-., •'• t + ^ + "> = T:r> + Tj^+ tj> 

^ f bdxf bdf^ bdf bdf bdf bdf 

= — — — TT^ ; and so on» whatever be the number of 

bdf 

the fractions. 

Hence the rule in this case is^ as in Arithmetic^ Multiply 
the numerator of each fraction by ike product of all (he deno- 
minators except its own ; make the sum of these products the 
new numerator ; and multiply all the denominators together 
for a new denominator. 

a b c 

Ex. 1. Add together -, - and-. 

XX X 

Here the denominators being the same^ the sum required 

fl+ft + C 



Ex. 2. Add together - y and — . 

X /bX 

Here the denominators are different, but -=■--, 

X XX 

.% the sum — -r- + -—• = — — — . 

2x 2x 24P 

1 X 

Ex. 3. Add together -, and — . 

TT la .m a X a + X 

Here — = — , ,•. the sum = — ^ — = . 

2 2a' • 2a 2a 2a 

XX X 

Ex. 4. Add together -, - and -. 

-- * Sx4x4J 12x X 2x4xj? 8j? 
2 3x4x2 24 ' 8 2x4x3 24* 
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X 2x3x0? 6x , 12x Sx *6x Q6x 

— = = — , ,•, the sum = h — -* — = — . 

4 2x3x4 24' 24 24 24 24 

Ex. 5. Add together -, — , and — . 

X ^X oX 

„ 1 _ 1 X 2ar x3j? _ 6^ 1 ^ lxjrx3j? _ 3x* 
x" xx2xx3x~ 6a^' Qx" QxxxxSx" 6?' 
1 _ 1 xa:x2j? 2a?* 
3j? ~a?x2J?x3j7 6a?*' 

- 6x' Sj^ 2a?« llo?* 

... thesum=g^, + g^ + g^=-g^, 

or ^- in lower terms, Art. 35, 
ox 

This Ex. is treated according to rule ; but it is not the 
method to be adopted in practice. It is sufficiently obvious 
at sight, that we can easily make the denominators of the 
proposed fractions all alike, without altering the value of 
each fraction^ by adopting 6x for the new denominator ; for 

1 6xl _ 6 1 _ 3x1 _ 3 1 _ 2x1 2^ 
x" Gxx" 6x* 2j: ~"3x2a?"" 6a?' Sx" 2x3x'~ 6x* 

. 6-h3 + ^ 11 , ^ 

.*. the sum = — ^ = ^- , as before. 

ox ox 

N.B. Since the " Least Common Multiple" of the deno« 
minators contains each of them a certain number of times^ mul- 
tiplying the numerator and denominator of each fraction by 
that number, we shall have the fractions with the li.c.M. for 
a common denominator, and in their lorvest terms. 

XX X 

Ex.1. Add together -, -, and-. 

° 2 3 4 

Here the l.c.m. of the denominators is 12, in which 2 is 
contained 6 times, 3 four times, and 4 three times, therefore 
multiplying numerator and denominator of each fraction 
by 6, 4, and 3 respectively, 

X ^6x X ^4fX X ^3x 
2"12' S"12' 4"12' 

- 6x 4fX 3x 6x + 4a? + 3df ISo? 

the sum = T:r + ttt + rr = 






12 12 12 12 12 
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Ex. 2, Add together -^, -—, and — • 

O D oQ 



Here the ii.c. 


.M. of the denominators is 


30, 






7a? 35x 
6" 30' 


3x ]8x 
5 " SO ' 






.*. the sum 


reqmred = — 


30 


9^ 
5 


«-« ^ A V Y 


X 


X 


X 





Ex. 3. Add together —- , -7-7 > and -— j- . 

® 2a bab' Sab 

Here the ii.c.M. of the denominators is 24Mb, (Art 32, 
Sx. 3.) and 24ab is 126 times 2a^ 4 times 6a6, 3 times Sab ; 

X __ 126a? or __ 4a? x ^ 3x 

•'* 2a "■ 24fl6 ' 6a6 " 24a6 ' 8a6""24a6' 

^, 126ar + 4ar + 3« 125ar + 7a? 

.'. the sum = — -y = — — -^ — . 

24a6 24a6 

[^Exercises J, 1 ... 18^ p. 42.] 

37. To subtract one Jraction from another. 

Rule. Proceed as in addition, except that one numerator 
s to be subtracted from the other instead of being added to it, 
o form the new numerator, 

_, a c a-c * J a c ad -be 

Ex. 1. Subtract --t from -j-. 

70 76 

9a 2a _ 9a - 2a 7a _ g 
76 "76 """"TA Tb^b' 

Ex. 2. Subtract — — from --. 

24^ 4^ 

So: _6x3a?_ 18a? 

4^ "" 6 X 4^ ~ 24^ * 

18ar 3x 15x 5x 



24y 24^ 24^ 8^ 



•*. the difference required ^ 

Ex. 3. From -— - take —^ . 

4 o 

Here 12 is the l.cm. of the denominators^ 

5ab _ 15ab Jab 14a6 

4 " 12 '*°'*"6~""12'' 
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..^ . , 15ab 14tab ah 

.'. difference required = -— — - =--r. 

^ 12 12 12 

N.B. Any quantity, not in a fractional form, may be 

considered and treated as 2l fraction whose denominator is 1; 

^, a X I a- b J ^ flxlfl 

thusfl = -, « = -, a-b = — — , and so on. For a=— -=-, 



by Art 34. 



[^Exercises J, 19 . . . 32.]] 
EXERCISES. J. 



Add together 

, . a? 2j? j 3j? 

(2) ^, and«^ 



.3 



6' 



,«\ 2a a ,1 
(3) -J, g, and^. 



(4) 
(5) 



fl + J? , o — *r 
, and 



5 

2a? + 1 



and 



(6) ?^, and 



5 
4fX- 5 

7 

""21"' 



(7) -, -, and -. 
^ ^ a a a 

/QN 1 2 ,3 



Subtract 

(19) f from if. 

(20) ^ from «. 

O 

(21) from_jg— 



(11) j:, — ^,and— ^, 

/,«\ X 7^ — 6 j4a? + l 

(12) 6.-3-'«nd-^. 

V AsX—S 2x J 7*P+6 

(16) -» T> and-. 

^ ^ a^ b c 

07) ^,^,and2. 



(18) 



ab 

a—b b—c 
ab * be 



, and 



c-fl 
ac 



(22) 



2x-3 ^ 5j?-1 
from 



4 



8 



(23) 35H^5from^+l. 
10 5 

,o.v 15 + Sa:. _, 24 
(^*) ,., from 7+-— T. 



HULTIFIiIOATIQN AND DIVISION OF FBACnON& 

Subtract 
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(25) 
(26) 

(27) 
(28) 



2 . 4. S ^5 
- + - nrom - + - . 
X a XX 

X J. 3x 

from 



x + 1 
2a?-7 



21 



from 



jp + 2 
8JJ+7 



J? 4 ^ 

f- — from 

10 25 



14 

11J?-18 

~25~' 



(29) 
(30) 

m 

(32) 



5^ from T • 

O + CX 



2x 



x->ry 
2 



from 



from 



y 

3 + ijj 



1 + 0? ~ l + d:" + 2d:* 
^ from ^. 



MULTIPLICATION AND DIVISION OF 

FRACTIONS. 

38. To multiply a fraction by a whole number. 

Rule. Multiply the numerator of the fraction hy the whole 
numherfor a new numerator, and retain the denominator. 



ac 



ac 



Thus c X T = -y- ; for the unit in -r and t- being divided 

into the same number of equal parts (since the denominators 
are the same)^ those parts are all equal to each other/ and c 
times as many parts being taken in the one fraction as in 
the other^ it is clear that the one is c times as great as the 
other. 



Ex. 1. Multiply T by 2. 
Product = -T- ; for twice r ^s T + T = , (Art. S6) = -j- . 

Ex. 2. Multiply 7- by m. 

ax max ^, j . - •• 

mx-r- =s - — , the product requured. 

Ex. 3. Multiply ?^^ by 7- 

0> "T X 



Product = 7 X 



a + ar a + x 



k - 
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ft, "^ X 

Ex. 4. Multiply — y — by 2fl. 

Product = 2a X — ^ — = j . 

o 

{Exercises K, 1...15, p. 48.] 

39. To divide a fraction by a whole number. 

Rule. Divide the numerator of the fraction by the whole 
number^ when that can be done, for a new numerator, and 
retain the denominator : or multiply the denominator by the 
number for a new denominator, and retain the numerator. 

Thus T -5- c = T > and y -^ ^ = t- ; for since c times 
o be 

T = -T-, by Art 38, the <?*** part of -r , that is, -j-'^c, ni^st 
be T« And, again, since -T—j-f by Art. 34, and j---c 
times T- , by Art 38, therefore r is c times as great as f-, 

and therefore j- must be the c** part of-y; ®^X'^^=^T"» 
which proves the rule. 

Ex. 1. Divide -r by 2. Quotient = t, •.* 2a -f- 2 = «• 

Ex. 2. Divide —, — by m. 

by 

ax 
••• max-r-m = ax, .•. the Quotient = j- . 

7a ••" 7j? 

Ex. 3, Divide by ?• 

a + a: "^ 

u ^ ^ 

%• numerator -r- 7 =a - or, .*. the Quotient = . 

' ^ a + dr 

•r*. -r^. . 1 2a6 — 2a* , 
Ex. 4. Divide by 2a. 

c ^ 

•.• 2a6 - 2a' divided by 2a = 6 - a, .*. the Quotient = . 

\Exercises K, 21.. .27, p. 49.] 

40. To multiply one fraction by another fraction. 

Rule. Multiply the numerators together for a new numc" 
rator, and the denominators together for a new denominator. 
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Thus T ^ J = T^- To prove the rule, we have ^ to be 

taken -r times. Now -? taken a times is -7-, by Art. 38 ; 

but -r is the 5"* part of a (Art 33), therefore -^ is to be 
taken^ not a times^ but the If^ part of a times. Hence the 

etc €LC 

product required will be the 6*^ part o£ --r, that is, -r-^^f 

oc 
tehich is T^* by Art 39; 

a c axe 



.% T 5^ J = r~>> which proves the rule. 

A 1 . a c ac 
Also, since t x -; = 7-7 , 
b a bd 



a c e __ac e ace 

and so on, whatever be the number of fractions to be muU 
tiplied together. 

Ex. 1. Multiply - by - . Product = — . 

a c ac 

Ex. 2. Multiply — ^ by - . 

6 a — x 6a — 6x 

Ex. 3. Multiply — - by - . 

2a 6 2a X 6 _ 2g6 
Sy X Syxx" Sxy * 

Ex. 4. Multiply — by - . 

Product = = -5 • 

axa a' 

Ex. 5. Multiply - — by 



Product 



2«y "^ 5xy 

abx2ab Qa'b* 



^yx5xy lOx'y 



«• 
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The result in the last Example is not in its lowest terms, 
the numerator and denominator being both divisible by 2. 
This should have been avoided, by observing, before the 
multiplication was effected, that 2 would be a common factor 
in the numerator and denominator oixhe product^ and leaving 
it entirely out of consideration ; for the neglecting of a^oc- 
tor common to numerator and denominator is clearly equi- 
valent to dividing numerator and denominator by that factor, 
which we know does not alter the value of a fraction, but 
merely reduces it to lower terms. Similarly, any number of 
factors which we see will be common to numerator and de- 
nominator of the product may be neglected, if we wish with 
the least trouble to have the fraction in its lowest terms. 

Ex. 6. Multiply 4- by -— . 

Here "S" ^ -^ = -^^ neglecting the factor 3 common to 

\j O D 

numerator and denominator of the product when found 
according to rule. 

Ex. 7. Multiply -^ by — . 

Here the product, according to rule, =— r — —y and the 

O X tJ 

factors common to numerator and denominator are 4 and 5; 
omitting these factors the numerator becomes xxx, or ^, 

and the denominator 1x1, or 1, therefore the product = — ^ 

or x^. But the student should endeavour to be able to do 
all this at a single step thus, 

Ex. 8. Multiply — - — by 4. 

Here we say at once that the product Is 2ar — 5. In fact, 
4 times the 4th part of any thing, or quantity, must plainly 
be the whole thing or quantity itself. 

Ex. 9. Multiply '^"" by 8. 

Here 2a? - 5 is to be divided by 4 and multiplied by 8 ; 
this is equivalent to simply mulliplym^ it by 2^ and the 
product is 4/^-10. 
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Ex. 10. Multiply ^—-^ by 80. 

80 
Here r^g = 5, .*. the product required is 5 times 24? - 5, 

or lOjr-25. 

Ex. 11. Multiply by — ^ . 

The product = x — ^ ; and a-k-b multiplied by 

a — h=a'—b\ .•. the product = — y — . 

[^^jrercwej K, 16. . .20, and 31 . . .38, p. 49.] 

41. To divide one fraction by another fraction. 

Rule. Invert that fraction which is the divisor, (that is, 
putting the numerator in the denominator's place and the 
denominator in the numerator's) and then multiply this frac- 
tion by the other according to the rule for multiplication. 

Thus T"^-f=7X- = ^. To prove the rule, 
bdocbc ^ 

Since the Quotient is always such a quantity as multiplied 
by the Divisor will produce the Dividend^ therefore if the 
dividend can be put into two- factors, one of which is the 

divisor, the other must be the quotient. Now j-, the divi" 

, J axed acd cad c ad j^ -i* -r . i* ^ c 

dend^ = -v — -, =: ^-— = -^z- = - x -=- , of which two factors -, 

' bxcd bed dbc d be d 

is the divisor, therefore the quotient === t- > the other factor, 

which proves the Rule. 

Ex. 1. Divide - by -. 

X '' y 

X ' y X 3 3x* 
Ex. 2. Divide t- by t • 

ax a ax b abx x ,. ^^^ 
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Ex. 3, Divide -; — by - . 

Zab b ^Qab x _ 2abx _Za,bx 2a .. . 

Sxy * X " Sxy b " Sbxy ~ Sy.bx" Sif* ^ '^ 

Ex. 4. Divide ,^ , , by — — . 

lOx'^" ^ *ixy 

2a'b ab 2a'b 2a?y ^ Qa.ab. 9.xy ^ Qa 



lO^y * Zxy lOa^tf^ ab bxy ,2xy.ab 5xy' 



Ex. 5. Divide — - — by - . 



a — a? 2 

_ _ • _ 

4t ' a 



a — x a ^a' — ax 



Ex. 6. Divide 



ax 



a^'-x' a-hx a'—x* 



by 



a 



fl + JT 



a 



a — J? fl + J? a 



a-jr 



ox 



a 



ax a-hx 



X 



a a + X 



-n m. -rw-'j l + ^ + 2ar. 1+x 
Ex. 7. Divide :7- by 



3x 



2j; 



Quotient = — ;; — =-7r- • • = x2= , 

^ 3x 1+x 3 X 1+x 3 3 

[^Exercises K, 28 . . . SO, and 39... 46.] 
EXERCISES. K. 



X 



(1) MiUtiply 2 by 3. 



(2) 

(3) 
(4) 

(5) 
(6) 



g-by2. 
? by 2. 
|by6. 



a — x 



by 4. 



g by 60. 



(7) Multiply |f by 84. 



(8) 
(9) 
(10) 

(H) 
(12) 



2 



by& 



12+9*. „„ 
—/-by 80. 



8-7* 
6x+13 

~w 

2*-l 
7i 



by 9. 
by 15. 
by 15. 



xcmnJCiTim axd ditisiox op nucnoss. 
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) 
) 
) 

) 



Multiply ?^^byll. 

... -^by7. 

...^^byia 

... Y^Jr 



) 












Divide -:r- Vy 5. 
... — by 5. 
... — by6L 



2flt]f 



by 7a. 
by2«. 



Multiply 

1 u 1 

2) -+jrby^+-. 

^ If ^ X X 



S) 



1 1,1 



1+jr l-« 



2 



.X , 2fl . , 2a 



Divide 
19) 2 + ibyl-|. 



(17) Multiply 1^ by y. 



(18) 
09) 



(20) 



-+ " by jw . 



(86) Divide =^-i3? by 2x. 



(27) 

(28) 

(29) 
(30) 



5 
Sa + 6ab 



by So. 



^by?f. 
Saic, ac 



Sd 



bd 



-g^-a 



4oc 



,_^vl HI — o- 1 HI— 2 

(35) - + — r— by - + — - — 
^ ' 2 2 "^3 3 

toi-\ « 1 6 , 6 la 

(36) j+-.-by---.g. 

/«-v\ «*-««. ^* 

(37) — g— by 



a— « 



/««x a' + ox + j:*- rt — X 
(38) -, 3 by 



(41) 



6-Sa. 2fl-6 



4a 



(42) lbyl + — 



4 — « 
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Divide 

(44) f^byl-ji^ 



(45) ah by ^' 



a — x 






BRACKETS. 

42. When it is intended to express, that a quantity of 
imo or more terms or factors is to be operated upon, as a 
whohy the quantity is often inclosed within ^' Brackets", such 
as 0^ { }, [[^, &C9 having the sign or symbol of the operation 
immediately affixed to the Brackets, as it would be to a 
quantity represented by a single letter. 

Thus a+(b—c) means that 6— c is to be added to a, 

a—ih—c) 6— c subtracted from a, 

a X (6~c) h^c multiplied by a, 

(6-c)-i-« h—c divided by a, 

Jb—cy b—c squared, 
(h—c) the square root qfh—c is to be taken. 

(aby a times 6 . . . squared. 

And that brackets have a significant meaning will be easily 
seen by striking them out in a particular case^ and observing 
the result Thus, if to express b — c taken a times we were 
to write ax6 — c, we could not fairly obtain any other 
product from this than ab — c^ instead of the true product 
ab — ac. Again 6 - c* would not express the square ofb — c, 
but only that the square of c is to be subtracted from by 
which is quite another thing. 

43. Sometimes, in the place of Brackets, a straight line 
is used, called a Vinculum (Latin for ^ a bond, or tie'), drawn 
over the several terms or factors which are to be operated 
upon as a whole. 

Thus a-b — c means the same as a-(b-c\ 

^/^^ Jif^-c), 



b — cr (6 — c)* ; and so on. 

It must also be carefully borne in mind that the line 
which separates the numerator and denominator of a. fraction 

b '^ c 
serves as a Vinculum for both. Thus means the same 



BBACEEIS. 51 

as 6-c-^a, or (ft — c)-i-a; and —-7 means the same as 

a — b-T-c—d, or (a-'ft)-4-(c— £?). 

44. The learner often finds much difficulty in the use 
of Brackets and Vinctila ; all which may be avoided by con- 
stant attention to this one Rule :— 

Never make a bracket or vinculum to disappear except 
when the operation indicated by the sign or symbol affixed to 
it has been performed. 

Thus in a + (ft — c) the bracket is introduced simply to 
signify that the whole quantity ft— c is to he added to a, the 
sign preceding the bracket being +. When, therefore, this 
addition has been performed, the bracket is no longer of any 
use, and may be omitted. 

Similarly in a — (ft-c), the sign before the bracket being 
— y signifying that b — cis to be subtracted from a, when the 
subtraction has been done, the bracket is no longer of any 
use, and may be omitted. 

In these two cases, however, the above rule admits of 
modification; for 

I. In the first case, since, by Art I6, the addition of 
ft — c to a is performed by merely writing the quantities in 
one line with their proper signs, thus, a + ft — c, it appears 
that where the bracket is used for purposes ^Addition, that 
is, is preceded by the sign +, the bracket may be struck out as 
of no value in the result, 

II. In the second case, a-ib^c), since by Art I9, the 
subtraction of one quantity from another is performed by 
changing the sign of every term in the quantity to be suIk 
tracted, and then adding by the rules for Addition, instead 
of ft -c to be subtracted from a, we may put — ft + c to be 
added to a, which gives a — ft + c, by Art 16. Hence in 
caseSy where a bracket is preceded by the sign — , the bracket 
may be struck out, if every sign within the bracket be first 
changed^ that is, + into — , and — into +. 

But in all cases where brackets or vincula are used 
for purposes of Multiplication, Division, Involution, Evo- 
lution, &c the Multiplication, or Division, or whatsoever 
operation it may be, must be actually performed before the 
Brackets or Fincula can disappear. 

It may be worth while to notice further, that a bracket 
or vinculum sometimes serves two p urpos es at the same 

time: for example in a'—(a—by, or a*-a-ft|*, the bracket ot 
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vinculum not only expresses that a — 6 is to be squared^ 
aiso that when squared the whole result is to be subtra 
from a'; both which purposes must be satisfied, before 
bracket or vinculum is dispensed with. 

EiL 1, Simplify a-h^a-^ b), 

a + (a-6)«a + a — ft, by I, 

Ex. 2. Simplify a + 6 + (a - 6). 

a + ft + (a-6) = a + ft + a-ft, by I, 

B2a. 

Ex. S. Simplify a — {a- b), 

a — (a- ft) = a — a + 5, by II, 
= ft- 

Ex. 4. Simplify a + ft - (a - ft). 

a + ft-(rt-ft) = a + ft-a + ft, by II, 

= 2ft. 

Ex. 5. Simplify ac^a — b, c. 



ac — a-^b»c=ac — ac^bc, 

ssac-ac + bCf by II, 
= ftc. 

Ex. 6L Simplify r r— • 



a a-b a-a-b . . 

6 --6 6 by Art 37. 

a — a + ft 



ft 
ft 

"ft* 
= 1. 



, by II, 



Ex.7. Simplify 1+J^ 



, a + x a — J? « + ar 

1 + = + , 

a— X a—x a^x 



-, by Art. So, 



a — x 
2a 



, byl, 



a — OB* 



BRACKETS. ' 

Ex, 8. Simplify 1 - ^^ . 

a — J? a + * a^x 
a-^x^ a + x a + x 
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1- 



« + *-"«-f,byArt.37, 



a + x 

a-^x-a + x 
a-^-x 

2« 



, by II, 



a+x 



Ex.9. Multiply a g-^yS- 

/ a-5\ a-h (erasing the bracket, because the 

[a — 2-j=2a-2x-g-, "I multipUcadon is performed. 



2a —, 



^Qa — a—b, 
=^Za-a-¥hj by II, 
■B a + &• 

Ex.10. Multiply l^^bylO. 

The Product = 10 x| - 10 x^^ , Art 22. 

10x^lO(x-Q ^ 
2 5 ' 

-5«-2(a?-6), 
^5X'- (2x - 12), 
e5a?-2a?+12, by II, 
= S« + 12. 
Ex.11. SimpHfy (a + J)"-(a-5)'. 

(a + i)«-(a-ft)"=(a*+2aft + J*) -(«'-2a6 + V)y 

«a»+2a6 + b«-a*J^Sttth-V>M\«sxV^> 

ss4ai. 
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BRACKETS. 



N. B. If a numeral or letter immediately precedes the 
first limb of a bracket without any sign intervemng, the sisn 
X, or the word 'times\ is understood, and extends to me 
whole quantity within the bracket. Thus 4i(a + x) signifies 
4 times the sum of a and x; 3{a+b—c) signifies 3 times 
the quantity which results from adding together a and 6 

and subtracting c; ^(r + 'i) signifies 5 times the sum of 

the two fractions -r and -^ ; and so on. 

Similarly (a + b)(c + d) signifies a + b times c + d^ that 
is> c + d multiplied by a + b; and so on: the bracket and 
quantity inclosed within it being considered as a single term 
with respect to any operation to be performed upon it. Thus 
{a + b){c + d) is the same as xy, where a + 6 = or, and c+d^y. 



EXERCISES. L. 
Simplify each of the following quantities: 

(1) ah + a(c-b). (6) 

4(l-ar) + Sx. 



(2) 

(3) 
(4) 

(5) 



a — x 



or — 2a. 



(7) 

(8) 

(9) 

(10) 



|(a + 6)-l(a«6). 



2 



(a+7)a^+(ft-7)^. 
2-(-4+5x). 

l«(l-.T3;r). 



2(a + ar)-2(a-x). 
2(a+6)(a-6). 

5(l-^ar) + (l + 5x)x2. 

(11) (6a-ftTc)-(a-6-2c). 

(12) ^(a-a?)(2a + ar) + -j?(a + a?). 

(IS) (l + a?)(l-a?)(l+x')- 
(14) 2(x»-i)-(2x+l)+i. 

^'^ 18 (!-*)■*■ 8(1 +.«)/• 



(16) 
(17) 
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(18) ^^?^+ " 



(19) |x(x + l){j? + 2-i(2j:+l)}. 



(20) {l-r-^'}x(2 + a:). 



SIMPLE EQUATIONS OP ONE UNKNOWN 

QUANTITY. 

45. If we say that 2x + 3x = 5x^ or 2(a + x) = 2a + 2jr, 
or such like, where an equality is expressed betwixt two 
quantities which differ only in form, (an equality which 
admits of no more question, than 2+3 = 5, or2x{l+5}=12) 
>— and which holds true for any value whatever of x, such 
an expression is called an ^'Identity", But when we say 
a -^^ = 6, or 2 (1 + or) = 14^ or such like, in these cases it is 
dear that only certain values of x will permit the expressed 
equality to be true, and these are called "Equations". 

In "Equations" the question always is, what value of 
the letter or letters not already known will verify the ex- 
pressed equality? The finding of such value is called 
" Solving" the "Equation". 

Thus, in the Equation a; + 4 a 6, to find the value of a, 
that is, to solve the Equation, we see at once that x is the 
number which added to 4 makes 6, .*. a? = 2, and can be no 
other number. Again, in 2 (1 + a?) = 14, to find x, since 

twice l+a? = 14, 1+x must be 7, and .•. x = 6. But these 
' Equations' are of a very simple character. It is obvious, 
that unknown quantities, one or more, may be involved 
in endless ways with others that are known, and form 
* Equaiions' of a much more complex character; and to 
find the values of the unknown quantities in such cases 
forms a chief part of the business of Algebra. 

To this end the following Rules are needed. They all 
rest upon the axiom, or self-evident truth, that, if two 
quantities are equal to each other, and the same operation 
precisely be performed upon both, the results will still be 
equal. 

46. Rule I. If the same quantity he found on both 
sides the symbol =, and having the same sign^ + or -, it may 
be erased along with its signjrom both sides. 

This is evident, for if equal quantities be taken from 
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equal quantities the remainders are manifestly equal. Thus^ 
ifjr + 4 = 7 + 4, +4 may be struck out on both sides the 
symbol ==, and leave x = 7. 

47. Rule II. In an equation any term may he tranS' 
posed from one side of the symbol s to the other, if its sign 
be changed^ + to -, or — to +, as the case may be. 

For, let ax + b:=zcx + d be the equation ; then if from 
the equal quantities we subtract the same quantity^ cx^ the 
remainders will be equal ; that is, 

ax — cx + bsscx'-cx + d, 

.*• ax — cx + bss d, ••• cx — cx^O; 

thus ex has been transposed from one side of the symbol » 
to the other by changing its sign. 

Agaia, subtract b from each side, then 

ax — cx + b — b^d — h, 

or ax -^ ex- d — b^ V 6 — ^ = 0, 

that is, b has been transposed from one side to the other by 
changing its sign. 

£x. !• Transpose the letters to one side, and the num- 
bers to the other, in the equation a; + 2 = 6— x. 

Here x + ar = 6 — 2, —x being changed into +«^ and +2 
into — 2, according to the rule. 

Ex. 2. Transpose the literal terms to one side, and the 
numbers to the other, in the equation 

4* - 6 = Sa? - 2« + 12. 

Here 4j? - 3x + 2a? = 12 + 6. 

48. Rule III. If every term of an equation be mufti- 
plied by the same quantity^ the equality will still remain. 

For, in multiplying every term by the same quantity) 
the whole quantities which are equal (Art. 22) are equally 
multiplied, and therefore the products must be equal. 

This rule is chiefly used for clearing an equation 
fractions^ if they stand in the way. Thus, taking the 

equation 7a?- 6 =—, multiplying every term by 3, the 

denominator of the fractional term, we have 

Bx 
21ar- 18 = 50?, (v Sx--- = 5x,) 

in which no fraction appears. 
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Again^ if the equadan be p + 5 = ~ + 6, multipljiiig by 



2, we get jr + 10 =— +12, making ome of the Jractioms to 

disappear. Next, mnldplyiiig by S, the other daiominator, 
we get 

5dr + SO s: 2x + 36, in whidi nofradions appear. 

And the same thing may be done in like manner, what- 
ever be the number of fractional terms. 

Bat the readiest method of clearing an equation of 
aerenljraf^ianal terms is to make one multiplication serve 
fbr all, which maj always be convaiiently done, if the 
demminaiors of the fractions are not very luge. Thus, in 
the Ex. before given, 

instead of multiplying first by 2, and then by 5, multiply 
at once by 2 x3, or 6; then we get, at one slep^ 

Sx-i-SO-^x-i-SS, V 6x-^ = 3Xy and 6x-=:2x. 
Again, if the equation be q~-^ + t = 6, multiplying 

Z 9 O 

at once by 2x3x5, or 30, we get 

(v 30x|=15fl?, 30x— = 20a?, SOx| = &i?), 

2 3 O 

15«-2ai? + 6a? = 180, 
in which nofractum* appear. 

But sometimes instead of multiplying by the product of 
the different denominators it will save trouble to multiply 
by their "Least Common Multiple", that is, the least num- 
ber which contains each of them without remainder. Thus, 
taking the equation 

in this case the product of the denominators is 64, but the 
small number 8 is their Least Common Multiple^ and will 
serve as a multiplier to dear away the fractions. Thus, 
multiplying by 8, we get 

(V 8x| = 4«r, 8x| = 2x, 8x1-*), 

4«-2dr + a? = 24, 
in which no fractions appear. 
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49* Rule IV. If every term of an equation be divided 
by the same quantity, the equality rvill still remain. 

For, in dividing every term by the same quantity, the 

whole quantities which are equal (Art 26) are equally 

divided^ and therefore the quotients must be equal. Thus, 

if 4r — 2a? = l6, dividing every term by 2, (which will be 

taking the halfoi e^tm/ quantities) we get 2a; -^« = 8. Or, 

Tx 28 
if 7<» = 28 be the equation, — = — , or «=:4* 

A . .n J ax b b 

^ ' fl a' a 

Having established these four Rules, we are now enabled 
to proceed with the solution of equations, at least of the 
simplest class of them called ^' Simple Equations of one Un- 
known Quantity" J meaning such equations as contain only 
one letter not already known, and that too in its simple 
1st 'power', as x, not containing any higher power as 
x\ x^, &c. after the preceding Rules have been applied to 
simplify it. 

50. To solve a simple equation of one unknown quantity, 

(1) Clear the equation of fractions by Rule III., if the 
unknown quantity be found in any, (not otherwise). 

(2) If any brackets or vincula remain, get rid of them 
by Art. 44. 

(3) Transpose all the terms which contain the unknown 
quantity to one side of the symbol ss, and those which do 
not to the other side, by Rule II. 

(4) Combine simil^ quantities as much as possible by 
the rules of Addition and Subtraction, which will make thie 
unknown quantity appear in one term only. 

(5) Divide the wnole equation by the coefficient of that 
term, and the required value of the unknown quantity will 
be found. 

N.B. At any stage of the process of solution, as well 
as at the beginning. Rules I. and IV. must be brought to 
bear, when the equation will suffer it. 

Ex. 1. If 3jf + 4-6 = 2a? + 7, find the value of j?. 

Here the unknown x does not appear in a fractional form, 
nor are there any brackets or vincula, therefore we begin at 
once by 

tranaposmg, 3a? - 2* = 6 + 7 — 4, 

and combining, Ix, or x = 9> ^^ n«[\xi& x^o^vcodu 
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That this value of x is correct will appear by patting 
9 for d; in the given equation ; for then we have 
3x9 + 4-6=2x9 + 7, or 25=25. 

Ex.2. If7«-5ar+i=|-S* + 19, findx. 

2 z 

Here the unknown x does not appear in a fractional form, 
therefore 

transposing, 7*-5x + Sj?=--- + 19, 

S 1 
Gombhung, 5x= 1 + 19 = 20, C-' g - ^ = ^X 

20 
dividing by 5, ar= — = 4. 

^Exercises M, 1 ... 14, p. 61.^ 
Ex. 3. If 2x — 3 = - + 6, find the value of x. 

X 

Here the unknown x appears in a fractional form, ~ , 

therefore to dear the equation of this fraction, multiply the 
whole by the denominator 2, and we have 

4x-6=x + 12, v2x5 = x, 

z 

transposing, 4x — x = 12 + 6, (12 is the same here as + 12), 

oombiningy 5x=]8y 

18 
dividing by S, * = -o" = 6* ^^ value required. 

To shew that this value is correct, substitute it for x in 
the given equation: then we have 

2x6-3 = 1 + 6, or 12-3 = 3 + 6, or9=9, 
z 

whidi is obviously true, shewing that the proposed equation 

is true, if xs 6. 

{^Exercises M. 15. • . 19> p. 6l.] 

Ex.4. If 1-5 «f- 3, find X. 
z 3 

Here the unknown quantity appears in two fractions, 

X X 

- and -, therefore to dear the equation of both, multiply 

z s 

by 2 x3, or 6, by Rule IIL, and we have 
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transposing, S j? - 2a? = SO — 1 8, 

combining, x = 12. 

12 
This value of x is correct, for — - 5 = 6 - 5 = 1, and 

12 

:^-.3 = 4-S = l. 

Ex.5. lf^+6=?^,find«. 

Multiply by 2, «-6 + 12=*5j?-6, 
erasing - 6, « + 1 2 = 5ar, 
transposing, \2^5x^x^ 

combining, 12 s=: 4x, 

dividing by 4, 3 = «; or « = S. 

Ex.6. Iff-^-| = ^-S,findx. 
2 S S 3 

Multiply by 2 X S, or 6, 

Sar-10a?-8 =8x-18, 
transposing, 3a: — lOo: - 8a? = 8 — 18, 
combining, — 1 5x = — 1 0, 

dividing by - 15, a? = -^^^ = ^ . 

[[£xerctVe« M. 20. . .24, p. 6l.]] 

Ex.7. If|-| + |=-,findj?. 

Multiply by 2x3x5, or SO, 

(V S0x| = 10jr, 30x|=:15dr, 30x| = 6a?), 

10jp-15x + 6x-15, 
combining, j; = 15. 

Ex.8. Ify-Y§+g*:S9, finda?. 

The * Least Common Multiple' of 3, 10, and 6, is 30, 

therefore to clear o£P fractions multiply by 30, and we have 

4a> 
(v 30x---=10x4a? = 40a?, &c) 

40a?-6x + 5j:=1170, 
combining, 39* = 1 170, 

dividing by 39, x =-— -= SO. 

^Exercises M. 25 . . . SQ,'} 
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EXERCISES. M. 
Find the value off in each of the following equations: 



(1) 

(2) 

(S) 
(4) 

(5) 
(6) 
(7) 

(15) 
(16) 
(17) 
(18) 

(19) 



(24) 



6j?— 10 = 5jf-4. 
lSdP+l = 9« + 5. 

7j?-11 + 5 = 8x-9. 
15-2a? + 6=Sjp+l. 
3ar-6=:l2-4jr-4. 



(8) 

(9) 

(10) 

(11) 
(12) 
(IS) 
(14) 



12-8«=15-Sa?-8. 
121 = 14a?+l-Sa?+10. 
500=30a:+12+S2a?-8. 
7a?-2a?+5«l Sx-itx-l 5. 
12jr-6j:+4a:=3a:+84. 
2x + i = 3x-i. 
15ar--3i = 3i + dP. 






2jp-- = 18. 

3jr + -s=4x-6. 
4j? 2 

SX Mr ^ 

s-X — 0. 

5 5 



(20) -+g = 15. 

(88) *-f+|-|=8i- 

2j? dp 1 
(2S) Y+6-g=*-*- 



Sx 



« S 
*~5'^5* 



, ^ X X X 4i 3 
(«^> 2 -5- 4+3" 4- 



(26) 

(27) 
(28) 

(89) 



(32) 
(33) 
(34) 



3x 2« 1 « X 
2""T*2=6'^^' 

X X X X ^^ 
X X X X 

*""6"'l2""7'^2'*"^' 

3x 2a: 1 _ 5 4,1 
li"il"*'3"'i"" *• 



3x 



X 



(30) y-j-g-gj-gg 



2« 



4d? 80; 



(31) 2,-:L-_2i_Z^ = ^_iS 



« 2x _ 7* «. 3 
8'*'T~15~60''"20* 

-8--Y+ii-4-"'r4-^°^ 

3« 7* 7«_-i? 3 
I6*15"20~^»"l6' 



14j? 8x , 2j? a 
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51. When brackets or vincula appear in equations they 
are got rid of by the rules given in Art 4^. 

Ex. 1. If 2(a? + 5) + 3(2x-7) = 21, findor. 

Since the 1st bracket here is used to shew dmt x+5 is to 
be taken twice, and the 2nd to shew that 2^ — 7 is to be 
taken 3 times, and added^ if we perform these multiplications 
we may then strike out the brackets, (Art. 44r)» and we have, 

{v2(« + 5)=2a?+10, and3(2«-7) = 6«-21,} 
2x+10 + ftir-21=21, 
transposing, 2a?+6j? = 21 +21-10, 
combining, ^x = 32, 

dividing, a? = — = 4. 

Ex. 2. If 2(j? + 5)- S(2jp-7) = 15, find x. 

•.• 2(a? + 5) = 2ar+10, and 3(2a?-7) = 6j:-21, we have 
2a? + 10-(6x-21)=15, 
or 2a?+10-6x + 21 = 15, by Art 44, 
transposing, 2*— 6a: =15-10— 21, 
combining, - 4a: = — 16, 

dividing, x = — 7- = 4. 

Ex.3. If 5--— - = «-3, findor. 

Multiplying by 11, and observing that the line which 
separates the numerator and denominator of a fraction always 
serves as a vinculum to both, we have 



55-a? + 4 = lla:-S3, 
or 55-a?-4 = 11a?- SS, by Art. 44, 
transposing, 55 — 4 + 33 = 1 Ix + a?, 
combining, 84 = 1 2x, 

dividing, j? = — = 7, 
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Ex.4. If^+i^ = 12-?^,find^. 

2 3 

To clear off fractions multiply by 2 x 3> or 6^ and we have 
fo + S(3x-5) = 72 -2 (2«-4), 
or 6x + (9x- 15) = 72 - (4a?- 8), 
.-. fir 4- 9x - 15 = 72 - 4ar + 8, by Art 44, 
transposing, 6x + 9* + 4a: = 72 + 8 + 1 5, 
combining, 1 9^ "= 95, 

dividing, * ™ To * ^' 

Ex.5. J£-^^-j^ ^ 20"' ^^^"^^ 

The Least Common Multiple of the denominators is 80, 
and multiplying by 80, we have 

10:(8 - 7«) + 5 (12 + 9«) = 8 (1 - Sa?) - 4(29 + 8a:), 

or 80-70j: + 60 + 45a? = 8-24a?-ll6-32a?, 

transposing, 24x 4- S2ar - 70ar 4- 45* = 8 - ll6 - 60 - 80, 

combining, 3 la? = — 248, 

dividing, -=— 3l = -«- 

Ex.6- If^(sx4-|)-i(4a:-6|) = |(5a?-6), finda:. 

Multiply by 14, and we have 

2 
3 
2 
3 



3a?4.|-2(4a?-6|) = 7(5a?-6), 

2 
or 3x 4- --(8dP-12|) = 35a? -42, 



2 A 

.% 3a? 4- - -8a? 4- 12|= 35a? -42, 

2 A ' 

transposing, 42 4- - 4- 125-= 35x 4- 8a? - 3x, 

combining, 56 = 40j?, '•• ^ 4- - = - = 2, 

3 3 3 

dividmg, «=— =l|. 
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EXERCISES. N. 
Find the value of x in each of the following equations : 

(1) 6j;+2(ll-a?)=3(l9-a?)- 

(2) S(a?+l)+2(a?+2)=S2, 



(3) Sa?-2(5«+4):=2(4x-9). 

(4) 5(2a?-2)-S(2a?+l)=27. 

(5) 6(3-2j;)=24-4(4a?-5). 

(6) 45-4(ar-2)=5(ar+2). 



1-Qx 
(7) 7« = 8-i-g^ 



(8) y + 4-* g-. 

(10) l(a:+6)-i(lft-S*)=4i. 



4' 



12 



(11) ^(S* + S) + j3(7*-4)-5q(7«+1) = 2. 

(12) 10(* + i)-6x(i-l)=23. 



62. It will oflen happen that the unknown quantity is 
found in the denominator of one or more of the fractions : but 
the preceding methods are not materially affected thereby. 

1st. If the denominators which contain the unknown 
quantity be single terms, no other method of solution is 
required but such as have been already applied. Thus, 

Ex. 1. If ;; — 4 = 5, find jp. 
2a? 

9 
transposmg, ^ = 5 + 4, 



multiply by 2 jp, 9 = 1 8*, 
dividing. 



*"i8~2- 



Ex.2. If?+-=-+--:^,find». 
« a; « « 17 

Since the first 4 fractions have a Common Denominator, 
by Addition, i=|--^. 



8 


6 


2 


X 


X 


17' 




2 


2 




X 


17' 
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transposing^ 

combining^ 

.-. 4?= 17. 

Ex. 3. If5-A=:A + 1, finder. 
X 3x 3x 3 

Multiply by So?, 9-2 = 5 + a?, 

transposing, a: = 9 — 2 — 5, 

combining, j; = 2. 

[^Exercises O, 1...4. p. 67.] 

2nd. If any of the denominators which contain the 
unknown quantity consists of two or more terms, it will 
generally be advisable to clear the equation of the simplest 
denominators first, leaving the others to be dealt with after- 
wards, when, by erasing, transposing, and combining, the 
equation has been reduced to fewer terms. Or, if there be 
no simple denominators, then the cornplex denominators may 
be cleared off singly one by one, till all have disappeared. 

•c * jjf6xJf\3 3x + 5 2a: « , 

Ex. 1. If — — — r == -7-> find X. 

15 5a? — 25 5 

Multiply by 15 to clear away the simple denominators 
firsts and we have 

>, ,„ 15(3^+5) ^ ,*. 2a? >, 

&r + 13-— -^ — TTTT^'^Sx, V 15x-- = 0a?, 
5a?- 25 5 

-. -to 15(3a? + 5) 

erasmg, and transposmg, 13= — _^ , 

3 (3x +5) 
or 13=5 ^ , dividing nume- 
rator and denominator of the fraction by 5. 

Multiply by or - 5, ISa: - 65 = 90? + 1 5, 
transposing, 1 3* — 9^ = 65 + 1 5, 
combining, 4a? ■= 80, 

dividing, a? = -7- = 20, 

^ r. TP 10*^+17 12a? + 2 5a?-4 ^j 

Ex. 2, If = . find X, 

18 lla?-8 9 ' 
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To clear off first the denominators 18> and 9^ multif 
the whole by 18, and we have 

,^ ,^ 2l6jr + S6 ,^ ^ 

erasing and transposing, 

^^■^®- 11^-8 ' 

,. . ^^ 216a: + 36 

combining, 25 = ^^^^^ , 

multiply by lla?-8, 25(lla?-8) = 2l6« + S6, 

275a:- 200 = 2l6a? + S6, 
transposing, 275a: - 2 1 6a: = 200 + 36, 
combining, 59a: = 236, 

dividing, d:=_ = 4. 

^Exercises O, 5...7j p. 67.] 
12 1 

Ex, 3. If ;; = •;-7 -r , find Xm 

a:-l a: + 7 7(a?-l) 
Multiply by 7(a:-l), and we have 

^ 14(a:-l) , .^/ ,N 1 ,. 

14 r**:— 1^ 
transposing, and combining, 6= — - — -— ^, 

a? + 7 

multiply by a: + 7* 6a: + 42 = 1 4a? - 14, 

transposing, 1 4a: — 6a: = 42 + 1 4, 

combining, Sx = 56, 

J. .J. • 56 ^ 

dividing, 0?= ^=7- 

Ex. 4. If £^:ii?) + -l-.=:8, find ^. 
Multiply by 3— a?, and we have 

2(3-4a:) + ^^ = 24-8a', 

X ""0? 

— Sx 

or 6-8* + ^^ = 24-80?, 

l-o: 

o — s^ 
erasing, and transposing, = 24 - 6 = 1 8, 

1 ~"dP 
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multiply by l-x, 9-Sx=18-18jr, 
transposing, 18j:-Sx = 18-9, 

combining, 15x^9, 



dividing^ 



* 15 5' 



^ ^ ,-,15 + 3* 30 + 44: ^24 ^ , 

Ex.5. K —rr-*" -:rr«-= 7+-— r, find X. 

Multiply by j; + 1> and we have 

.^ - 3ar + 4x' + 30 + 4x ^ ^ ^^ 

15 + Sjr+ ^ » 7a? + 7 + 24, 

x + 3 * 

transposing^ and combining^ 

34x + 4x*+30 



= 44:+ 16, 



j? + 3 
multiply by 4P+ 3, 

34^ + 4t* + 30 = 4t*+ l6x + 12j: + 48, 
erasing, and transposing, 

34a?-l&c-12« = 48-30, 
combining, 6x = 18, 



18 
j:-- g--3. 



dividing, 

[Exercises O, 8.. .11.] 

EXERCISES. O. 
Find tiie value of x in each of the following equations : 



6_4 

X X 



5 1 

X 4 



(1) --- + 1=- + - 

^ ^ X X X 

A. 5 



bx ax 



(5) 



(6) 



(7) 



6«-4 «— 2 

+ 



21 



Zx 

5x-6" 7 



9'g~l6 _ 12-4g jr-4 
36 '^ 4-5x 

7« + l6 a?+8 



4 



d? 



21 



4a:-ll 3* 



(8) 



Jp-7 



2X-15 



(9) z- 



x + 7 2(x + 7) 2x-6 • 

3 _2__ 5 

X x+l" 4(x+l)* 



^— ^ 
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(10) 

(11) 



17 



10 



6>+17 Sx-lO l-2jr' 
6a? + 8 2jr + 38 



2j? + 1 a? +12 



-1=0. 



53. In cases where the numerical quantities are many 
and large, the following method o£ writing the solution of 
an equation will be found useful and convenient to young 
pupils^ who are unaccustomed to add or subtract without 
having the quantities placed beneath each other. 

Ex. 1. If 70ar-42ar+42+280=700-35ar-60fl?+80+56jr-56, 
find X. 

Transposing^ 70 

35 
60 



j:-42 


a? =700 


- 56 


-56 


80 


- 42 
-280 


165 


a:= 780 




- 98 


-378 


9 



67x = 402, 
402 
67 



a: = 



= 6. 



Ex.2. If 



9a?-13 249-90? 7a? + 9 3a? + l 



, find J?. 



4 14 8 7 

Here 56 is the Least Common Multiple of the Denomi- 
nators, therefore multiply by 56, and we have 

126j? - 1 82 - 996 - 36a? = 49* + 63 -24ar + 8, 
or 126j?-182-996 + 36a;=49J? + 63-24«-8, 

-8, 



transposing, 126 


a?-49a:= 63 


36 


182 


24 


996 


combining, 


186 


a?=1241 


• 


-49 


-8 


' 


137a? = 1233, 






1233 



jr = 



137 



= 9. 



Ex.3. If 201 (a?-l) + 25(3*4.1) +22(5* + 1) = 
45 (a? + 10) + 21 (a? + 1 1) - 35^ find a?, Ans. x « 2j. 



PROBLEMS. 09 

PROBLEMS 

DEPENDING UPON THE SOLUTION OP SIMPLE EQUATIONS OP ONE 

UNKNOWN QUANTITY. 

54. We are now come to the application of all that has 
gone before to the solution of questions and problems, some 
of which might be solved by Arithmetic^ but not so certainly 
and expeditiously^ while others lie entirely beyond its reach. 
At this stage scarcely any rules can be laid down, which 
will be of much use to the learner. Practice only can 
make him quick and expert in bringing a proposed problem 
into the form of an Equation : and wnen that is once done, 
the solution of the Equation by the foregoing rules is the 
solution of the Problem. 

It may be worth while, however, to urge the necessity 
of fiilly conjprehending the meaning of every part of the 
problem proposed, as the first thing to be done. It should 
be seen deiuiy both what is known or given^ and what is 
unknown and required. Then representing the latter by ^, 
the student will be able, by a little practice, to express the 
conditions of the problem in terms composed of x and the 
known quantities* and at length to translate the whole into 
an Equation. 

Pbob. 1. The ages of S children together amount to 
24 years, and they were born two years apart; what is the 
age of each? 

Here we have 

Known quantities. 

1. The sum of the ages 
of all three, 24 years. 

2. The difference between 
the ages of any two of them. 



Unknown and required. 

1. Age of youngest. 

2. Age of next. 

3. Age of the oldest. 



But, in reality, we have only one unknown quantity to 
Jindy because when we know the age of one of the children, 
the ages of the two others immediately follow. So that, 
we say, 

let X be the age of the youngest, 

then a? + 2 = next, 

and 07 + 4= oldest. 

Thus far we have algebraized one of the two known con- 
ditions of the problem. There still remains to notice^ that 
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the sum of the ages is 24 years. Now this sum is 3x+6, 
adding together x, x+Qy and or + 4 ; 

.*. 3a? + 6 = 24, an equation from which to find x. 

Transposing, Sx-^^-d^ or 18, 

dividing, Jp = -«-> or 6. 

.% the 2ige of the youngest is 6 years, 

next ••• 8 

oldest ...10 

Prob. S. I have exactly 5 times as many shillings as 
sovereigns^ and altogether my money amounts to £8. 15^. 
How many have I of each? 

Let X be the number of sovereigns, 

then 5a; = shillings. 

Now X sovereigns ~ x times 20 shillings ~ 90x shillings, 

.*. %0x + 5a;, or 25a?> = all the money, in shillings. 

But £8v Us. s 175 shillings, 

.-. 25j?«175, 

175 
dividing^ a: = -— - = 7, the number of sovereigns^ 

and 5a; = 5 x7 =: 35j the number of shillings. 

Prob. 3. I went to the bank with a cheque for 6 guineas 
and asked to have for it exactly the same number of sove- 
reigns> half-sovereigns^ shillings, and sixpences. The banker 
was puzzled : what is the number ? 

Let X be the number required, 
then X sovereigns contain x times 20, or 20a;, diillings, 

X half-sovereigns x times 10, or lOo?, shillingSy 

X shillings x shillings, 

X sixpences - shillings, 

6 guineas 6 times 21, or 126, shillings. 

Therefore, by the question, 

20a? + 10« + a; + ? = 126, 

2 

or 31a; + -=126, 

multiply by 2, 62a; + a; s±: 252, 

QSx ^ 252, 
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252 
.'. *=-^ = 4j the number required. 

£. f . d» 
Verification, 4 soyereigns^ 4 

4 half-sovereigns, 2 
4 shillings 4 

4 sixpences 2 

Total £6 6 

Pbob. 4. What is the number of which the 3rd and 6th 
parts together make 15? 

Let X be the number required^ 



then|=iU8rdpart. 



and g = its 6th 



the sum of which parts^ by the 
' question, is equal to 15, 



that is, -+^ = 15, 
So 

multiply by 6, 2x + a? = 90, 

combining, 3x = 90, 

A 4P = ^ = S0. 
o 

so SO 

This value is correct, •.• -r- = 10, -^ = 5, and 10 + 5 = 15. 

Pbob. 5. A certain garden contained three times as 
many gooseberry-trees as apple-trees. Afterwards four of 
each were cut down, and then there were four times as 
many gooseberry-trees as apple-trees. How many were 
there of each at first ? 

Let X be the number of apple-trees at first, 
then 3x=» «. • • . gooseberry-trees at first. 

Afterwards j? — 4 = number of apple-trees, 

andSa?-4= gooseberry-trecs, 

therefore, by the question, 

Sa?-4 = 4(a?-4), 
or Sjr-4 = 4a?-l6, 
transposing, I6 - 4 => 4j? - Sx, 

.*. X s 12, the number of apple-trees at first, 

and Sa==36, gooseberry-trees at first. 

£Exerciges P, 1 . . . 16, p. 81.] 
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Pros. 6. The date of the accession of Geo. Ill is 
represented by 1800-2ar, that of Geo. IV by 1800 + ix2jr, 
that of Will. IV by ISOO + ^x So: ; and if Geo. Illrd's 
reign be increased by 2x, it will amount to 100 years. What 
are the actual dates ? 

The length of Geo. Illrd's reign 

= 1800 + ix2a? - (1800 - 2ar), 
= 1800 + ^-1800 + 2*, 

.*. by the question, S* + 2* = 100, 

or, 5**100, .%« = -— = 20. 

5 

•'. accession of Geo, III is a.d. 1800-40, or 176O. 

Geo. IV 1800 + 20, or 1820. 

Will. IV 1800 + 30, or 1830. 

[Strictly speaking Geo. Ill did not reign full 607ears, haying ascended 
the throne, Oct. 25, 1760, and died Jan. 29, 1820.] 

Pros. 7. Divide 42 into 4 parts which shall be 4 con« 
secutive numbers. > 

Let X be one part, 

then X + 1, a: + 2, a? + 3, are the other parts, 

and a? + (j; + l) + (a? + 2) + (d: + 3) = 42, by the question^ 

combining, 4a: + 6 = 42, 

4a? = 36, 

.•. a? = 9; andar + l = 10, a: + 2 = ll, ar+S = 12; 

.*. 9, 10, 11, 12, are the required parts. 

Pros. 8. A man dies and leaves a widow, two sons, 
and three daughters; and in his will he orders that his 
personal property, amounting to £1700. shall be so divided, 
that the three daughters shall have as much as the two sons, 
and the widow as much as a son and a daughter together. 
What are their respective shares ? 

Let a; be a son's share, 

then 2a? = the whole fortune of the 3 daughters, 

.'. -^ = a daughter's share, 
and a: + -— , or — = the widow's share ; 
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hence 2a? + 2a? + — = 1 700£., 

3 

3 

17 J? 

-^ = 1 700, 

dividing by 17, |=100, 

.% X = dOO£.^ a son's share^ 

2x 

— = 200£., a daughter's share^ 

o 

5x 

— = 500£.^ the widow's share. 

o 

Pros. 9. A pump which lifts 2 gallons of water at 
each stroke, and makes 3 strokes in 2 minutes^ is to be 
replaced by another which can make only 2 strokes in 3 
minutes. What must be the discharge of the latter per 
stroke, to do the same work ? 

Let X be the number of gallons per stroke of the latter, 

then 2x = gallons discharged in 3 minutes. 

Now the 1st pump discharges 6 gallons in 2 minutes, 
which is at the rate of 3 gallons per minute ; therefore in 
3 minutes the discharge would be 9 gallons. Hence, by 
the question, 

/. 0? = ~ = 4^, the number of gallons required. 

Pbob. 10. A and By living on the same road 4^ miles 
apart, set off from their homes at the same instant to meet 
each other, walking at the rate of 5 miles, and 4 miles, per 
hour respectively. Where will they meet? And how long 
after B might A set off, so as to meet exactly halfway ? 

1st When they start together, let x be the number of 
miles A walks before they meet, then 4^ — « ~ ^'s walk, in 
miles; and the time is the same for both. 

o i. ^. ^« number of miles x 

But Ak% time = 



number per hour 5 ' 

4 



and JB's ... = = — 
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A by the question^ - =-—; — , 

multiply by 4x5, or 20, 4a? = 22^ - 5x, 

9« = 22i, 

22^ , 

9 ' 
Therefore ii and B meet 2^ miles from A*b home, and 
2 miles from ^s. 

2nd. To meet exactly halfway ; since A, walking at 

the rate of 5 miles per hour, would take -^ hours ; and 

24- 
B — hours, walking 4 miles per hour ; it is obvious that 

-^- ^ hours after B, 
4 o 

that is, 2i (^;| - ^y ^ ^i'* 20 ' ^^"'*' 

■^x60fiifii. or 6f97ttit. 

oO 



pROB. 11. A miller has two kinds of wheat, one worth 
7 shillings, and the other 6 shilh'ngs, per bushel ; he wishes 
to make a mixture worth 6s, Sd. per bushel. How must 
he do it? 

Let X be the number of bushels of the former, (either 
whole or fractional), which added to one of the other^ will 
make the mixture required. 

Then the value of these (a? + 1) bushels will be (7* +6) 
shillings. But, by the question, it must be (« + l) times 
6s. Sd., that is, (« + 1) x 6| shillings, 

••. 7« + 6 = (jp+l)x6|, 
7«-6j?-fjr=:6|-6, 

Therefore two bushels of the better sort added to one of the 
other will make the mixture required. 
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Pbob. 12. A man and a boy undertake to dibble a 
field of beans> the man being able to do the whole work 
himself in 5 dxys, and the boy in 7 days. How long will 
it take them working together ? 

Let X be the number of days required ; 

now^ because the man can do the whole in 5 days> 
the man's work per day = ^ of the whole ; 

similarly, the boy's = ^ of the whole ; 

.'. the man's and boy's together = (^ + ^) of the whole 



— 12 



But the man and boy together can do the whole in x days, 
therefore the man and boy together can do in one day - of 
the whole; 

•••i=P or* = g = 2«days. 

Prob. 13. Her Majesty, Queen Victoria, was bom 
May 24, a.d. j?, and Prince Albert was born Aug. 26, a.d. 
(j?+ 1). Now their united ages at the present time, Aug. 26, 
1848, amount to three times the age of Prince Albert on 
the birth-day immediately preceding his marriage, which 
took^lace Feb. 10, 1840. What is the year of our Lord in 
which each was bom ? 

Let X, and ;r + 1, as stated in the question, be the years 
required, then on the 26th Aug. 1848, 

1848 - j; = age of the Queen, 
and 1848 - (or + 1) = the Prince. 

Also, the age o£ the Prince on the birth-day preceding 
his marriage 

«1839'-(«+l), 

therefore, by the question, 

1848 -«+ 1848 -(4P + 1)«S {1839- (« + l)}, 
or, 1848-j:+1848-«-1 r=5517~3jr-3, 

3a: - 2ar = 5517-3 + 1 -1848 -1848; 

5518 ) 
.•. X = _ggqQ f * 1819, year of Queen's birth, 

andd? + l = 1820, •••.•• Prince's ... 
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Prob. 14. A cask is filled by means of 3 cocks, 
which would fill it singly in 5, 6, and 10 minutes. In 
what time will the cask be ^ed, when they all run 
together? 

Let X be the number of minutes required. 

Now *.* one of the cocks will do the whole work in 5 

minutes^ its work per min. is - of the whole. Similarly, the 

work per min. of each of the others is ^, and — , of the 

whole^ And therefore the work of all three together per 

min. = {--^ -3 + ^1:] of the whole work, 
\5 6 10/ 

But X being the number of minutes in which all three 
will do the work, the work of the three per min, will be 

- of the whole : 

1111 

• J. _ X — — — — 

5 b 10 x' 

6 + 5 + 3 l±^l 
30 ' ^^ 30^x' 

.'. j: = —-=—- = 21 minutes. * 

14 7 

Prob. 15. A person, being asked what o'clock it was, 
replied that it was between one and two, and that the hour 
and minute hands were together. What was the time of day ? 

At one o'clock it i^ obvious that the hour and minute 
hands are separated from each other by exactly 5 of the 
ininute divisions. 

If then X be the number of minutes past one, at which 
the hour and minute hands are together, it is evident that 
in that time the minute hand has travelled over a space x, 
and the hour hand x- 5 in the same time. But we know 
that the minute hand always goes 12 times as fast as the 
hour hand, and will therefore pass over 12 times the space 
in the same time. 

Hence or = 12 (or - 5), 

= 12;p-60, 
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lla?=6o, 

Vtiat is, the hands are together at 5^ mm. past one. 

Fbob. 16L The distance from Manchester to Liver- 
pool by rail is 31^ miles; the express down-train leaves 
Manchester at 11.30 a. m. and arrives at Liverpool at 12.30; 
the up-train leaves Liverpool at 11.45 a.m. and arrives at 
Manchester at 12.35. Both trains perform the whole journey 
without stopping at any intermediate staticm ; supposing the 
speed of each to be uniform^ find where they will meet. 

Let X be the number of miles from Manchester to the 
place of meeting, 

then 31-| — X = the number of miles from Liverpool to 
the place of meeting. 

Now since the down-train travels 31^ miles in 60 min., 
it travels the 60th part of that distance in 1 min., that is, 

-^ miles. 
oO 

31i 
Similarly, the up-train travels -~ miles per min., 

therefore the number of minutes in which the down-train 

^ ., number of miles 31 4 

performs x miles = = -. = jr -r- -^ , 

'^ number per minute oO 

and the number of minutes in which the up-train per- 

SIX 

forms 31i-«mile8 = (31i-j:)-r--— ^. 

But the down train starts 15 min. before the up-train; 
.'. time of down-train for x miles = time of up-train for 



Sli-jr miles + 15, 

31i -^n Sli ,^ 

^^"^^W^^^i-'-^-so"*-^^' 

60x ^^ 50x ,^ 
31i-^-31i-*-^^' 

o,i 65 ^,, 13 63x13 ,q87. 
* 110 ^ 22 44 ^ 

therefore the trains will meet 18^ miles from Manchester 

[^Exercises P, 17.*. 25, p. 82.] 
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Prob. 17. Supposing (as is proved in Treatises on 
Mechanics) that the effect of a power or weighty acting at 
right angles to a straight lever, to turn it round its fulcrum, 
is measured by that power or weight multiplied by its dis- 
tance from the fulcrum, find where the fulcrum must be 
placed to enable a man to move a bale of goods weighing 
552 lbs. by means of a lever 6 feet long, and exerting a 
power equid to 24 lbs. only. 

Let AB represent the lever, the a f B 

power being applied at B to raise ' ^ * 

the weight at A ; and supposing Fthe fulcrum, let AF=iXi 
then BF = 6 — jp feet ; and, by the question, 

552x0;=: the effect of the Weight on one side of the 
fulcrum ; 

and 24 (6 - «) = the effect of the Power on the other side of 
the fulcrum. 

When these two effects^ then, axe equal, the lever is 
exactly balanced, in which case 

5520? = 24 (6 - x), 

=:144-24«, 

or 576a? 3= 144, 

ft. in. 
144 1 12 . 

•'• *""576"4" T""^^"* 

Hence, with the fulcrum at 3 in. from A, the power and 
weight are exactly poised ; and it is obvious that by moving 
the fulcrum nearer to A than 3 inches, which mminishes 
the effect of the weight and increases that of the power, the 
power will get the mastery, and the weight will be raised. 

Prob. 18. If the ^Specific Gravity' of pure milk be 
1*03, and a certain mixture of milk and water be found, 
(by means of an instrument for the purpose) to be of Spe-» 
cific Gravity 1*02625, how much water nas been added ? 

[Def INI TICK. By the ' Specific Gravity* of a substance is meant the 
number of times which its weight is of an equal bulk of water. Thus 
the Specific Gravity of silver is 10*5, or lOA, which means that any 
quantity of silver is 10^ times the weight of the same quantity, in bulkf 
of water. The Specific Gravity of mUk being 1*03 signifies that milk 

is I1I5 times as heavy as water / and so on.] 

Let 1 quart of water be added to or quarts of pure milk 
to form the mixture; then^ 
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*•* weight o£x quarts of pure milk 

= 1*03 times weight of x quarts of water^ 
= 1 -OS X a? X weight of 1 quart of watar^ 

.*. whole weight of water and milk 

= (1 + 1*03 x4p)x weight of 1 quart of water. 

But there are 1 + x quarts of the mixture of specific 
gravity 1^625, 
.*• whole weight of this 

- 1*02625x1 +jrx weight of 1 quart of water, 
•% 1 + 1-03 X jp = 1-02625 (1 + JP), 
(1-03 - l-02625)ar = 1-02625 - 1, 
•00375ar = -02625, 

_ -02625 „, 

• • SB ^ ___._, -. ^ / • 
-00375 

Hence it appears, that one quart of water is added to 
7 quarts of milk; consequently one^-eightk of the mixture is 
wat^. 

Pros. 19* A person observes the discharge of a gun at 
a distance, and hears the report ^Lactly 10^ seconds after- 
wards. Assuming that light travels at the rate of I92OOO 
miles, and sound IO9O feet, per second, what is the distance 
between him and the gun ? 

Let a be the required distance in miles^ 
then the number of seconds in which the Ugkt travels to 

the <>^8erver=— — — ; and •/ x miles = 3xl760xj; feet, 

the number of seconds in which the sound travels to the 

, 3x1760x0? 

observers ^^ ; 

1. ^1. -x« 3xl760x» X ,^- 

••• by the question, — — -— ,^^^^^ = 10i» 

^ ^ 1090 192000 '* 

3x176x192000-109 ,^T 
109 X 192000 ^' 

109x192000x10^ 

'*•*" 3x176x192000- 109' 

219744000 ^, ., , 
= 101375891 = ^* "^""^^^y- 
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Pbob. 20. The Specific Gravity of gold is 194^ and of 
silver 10^ : a goldsmith offers a mass of 4 of a cubic foot, 
which he asserts to be gold^ and which is found to weigh 
260 lbs. 1st Can it be all gold? 2nd. May it be adul- 
terated with silver? 3rd. If the latter, what is the pro^ 
portion of silver to gold ? {From De Morgan's Algebra^ 

[N. B. A Cubic foot of water weighs 1000 ounces avoinlupois.] 

1. Since a cubic foot of water weighs 1000 oz. and ffold 
is 194 times as heavy, as water, a cubic foot of gold weighs 
19^x1000, or 19250 oz.; and ^ of a cubic foot will be 
4812^ oz. or 300 lbs. 12^ oz., therefore the mass is not aUgdd, 

2. Since a cubic foot of silver weighs 10^x1000, or 
10500 oz., and ^ of a cubic foot will be 2625 oz., or l64lbs. 
1 oz., therefore the mass is heavier than its bulk of silver, 
and lighter than its bulk of gold, and consequently may be 
a mixture of the two. 

3. In this case, let - of a cubic foot be the quantity of 

gold; then - — is the silver; and -^ is the weight of 

the gold, and 1050o/~ j the weight of the silver, in 

ounces. But the whole weight is 260lbs., or 4l60oz. 

...19!52+10500(1-1) = 4160, 
X \^ x/ 

or 19250 + 2625J?- 10500 = 4l60ar, 

4160j: - 2625a? = 19250 - 10500, 

1535x = 8750, 

8750 1750 175 S5 , 

••• ^ = 1535 ="307 =-30 -^'^ T' """^^- 

.'. - = ^ nearly, the quantity of gold, in fractions of a 

cubic foot, 

4~i=4'"35 = Ti0'*^®^''"'*'*^''^®'^'^^ 

6 24 
Hence, •.• — - = --r, if a cubic foot be divided into 140 
oD 140 

equal parts, in the proposed mass there are 24 such parts of 

gold, and 11 of silver. 
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EXERCISES. P. 

1. What number is that which added to its half makes 

24? 

2. What nmnber is that which increased by two-thirds 
of itself becomes 20 ? 

3. What number is that of which the half exceeds the 
third part by 3 ? 

4. What number is that of which the fourth part exceeds 
the fifth part by 3 ? 

5. There is a certain number which^ upon being di- 
minished by 6, and the remainder multiplied by 6, pro- 
duces the same result as if it were diminished by 4^ and the 
remainder multiplied by 4. What is the number? 

6. Divide 40 into two such parts, that one-tenth of the 
smaller part taken from one-fifdi of the £n*eater will leave 
5 for a remainder. ^ 

7. Divide 25 into two such parts that one shall be 
three-fourths of the other. 

8. Find two numbers which produce the same result, 
7, whether the one be subtracted from the other, or the 
latter be divided by the former. 

9. Divide £l, among 4 children so that the oldest shall 
have 1^. more than the second, the second Is. more than the 
third, and the third 1^. more than the youngest. 

10. Divide a line 33 feet long into 4 parts, the second 
of which is 1^ feet greater than the first, the third 2^ feet 
greater than the second, and the fourth 3^ feet greater than 
the third. 

11. A banker was asked to pay £lO. in sovereigns, 
and half-crowns, and so that the number of the latter should 
be exactly twice that of the former. How must he do it ? 

12. Thirteen shillings is the sum of exactly the same 
number of shillings, sixpences, pence, and halfpence. What 
is the number ? 

13. I have exactly 5 times as many shillings as half- 
crowns ; and altogether my money amounts to £3. How 
many have I of each coin ? 

14. A father is 4 times as old as his son ; but 3 years 
ago he was 7 times as old as the son. What is the age of each ? 

15. The ages of two brothers, who differ only by a 
single year, when added together amount to the age of their 
father ; and if the father's age be increased by one-fourth of 
that of the elder brother, it will amount to four-score years. 
What is the age of each ? 
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16. The a^es of a man and his wife together amount to 
80 years, and 20 years ago the woman was exactly two-thirds 
the age of the man. What is the age of each ? 

17. There is a certain fraction whose denominator is 
greater than its numerator by 1 ; and if 1 be taken from 
the numerator and added to the denominator, the fraction 
becomes equal to ^. What is the fraction ? 

18. A certain fraction has its numerator less than its 
denominator by 2, and if 1 be taken from the numerator, 
and the numerator be added to the denominator to form a 
new denominator, the resulting fraction is equal to ^. What 
is the fraction ? 

19. A boy being asked to divide one half of a certain 
number by 4, and the other half by 6, and to add together 
the quotients, attempted to obtain tJie required result at one 
step by dividing the whole number by 5; but his answer 
was too small by 2. What was the number ? 

20. Find the time between 12 and 1 o'clock when the 
hour and minute hands of a clock point exactly in opposite 
directions. 

21. A person, being asked what o'clock it was, answered 
that it was between 5 and 6, and that the hour and minute 
hands were together. Required the time of day. 

22. A servant is despatched on an errand to a town 
8 miles off, and walks at the rate of 4 miles an hour : ten 
minutes afterwards another is sent to fetch him back, walk' 
ing 4^ miles per hour. How far from the town will the 
latter overtake the former ? 

23. A student has just an hour and a half for exercise. 
He starts off on a coach which travels 10 miles an hour, and 
after a time he dismounts, and walks home at the rate of 
4 miles an hour. What is the greatest distance he can travel 
by the coach, so as to keep within his time? 

24. A cistern which holds 820 gallons is filled in 20 
minutes by 3 pipes, one of which conveys 10 gallons more, 
and another 5 gallons less, per minute, than the third. How 
much flows through each pipe per minute? 

25. A man and a boy engaged to draw a field of turnips 
for 21^. but when two-fifths of the work was done, the bof 
ran away, and the man then finished it alone* The conse- 
quence was that the work occupied 1^ days more than it 
should have done. Now the boy could do only half a man's 
work, and is paid in proportion. What did each receive^ 
per diay? 



SIMPLE EQUATIONS OF TWO UNKNOWN 

QUANTITIES. 

55. If a single equation contain two unknown quantities^ 
a and^^ as 2a?4-3y=20, then, transposing^ 2j?=20~3y, and, 

dividing, a? =10 — --; but since this gives the value of one 

unknown quantity only in terms of the other, which is itself 
unknown, it furnishes no actual solution of the equation. 
Now, if besides 2x + 3y = 20, there is given also another 
equation, as Sj: + 2^ = 25, which holds true for the same 
values of x and y which belong to the former one, then 
from this we get 

25 2y 
Sa? = 25-2jr, anda?=y--^; 

so that we have, from the two equations, *.* x has the same 
value in both, by supposition, 

,^ 3y 25 2v s.- r 

10 — ^= "s f"^ ^^ equation of one 

SS d 3 

unknown quantity, 

multiply by 6, 60 - gy = 50 - 4y, 

60-50= Qy-4y, 

10 = 5j^; .-.^^ = -^ = 2. 

Also, from 1st equation, 

aj^lO-|^=10-| = 7, i'.'3t,=.6). 



Hence the Solution of 

2x 
and 3x 



+ 3y = 20, 1 ^1^ is a? = 7, ) which upon trial is 
+ 2^ = 25, J ^ = 2, / found to verify. 



This method of eliminating, as it is called, one of the 
unknown quantities, and so reducing the two equations to 
one of one unknown quantity, is sufficient for the solution 
of any pair of equations of the above form whicb hold true 

* TVhen Equations are hrackgted in this way it is meant that they hold 
true for the same values of the unknown quantities. They are sometimes 
oaUed SimuUaneotu Equations* 
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for the same values of x and y. But there are other methods 
of eliminating one of the unknown quantities^ which are less 
troublesome; thus^ 

(1) If2a? + Sv = 20, ) , - . 

A o « _ Q I "® "^® given equations^ 

adding the equal quantities together^ we have 

28 

4 

12 
Subtracting, 6y=12, •••^=-^ = 2. 

(2) Again, if 2a?+ j^ = l6, ) , - . 

and 3^ + 2^ = 25 J ^^>^^ ^^"^^ ^^""^^°^' 

multiplying the 1st equation by 2, we have 

4ar + 2^ = 32>) 

and from 2nd equation, Sx + 2^= 25, J 

subtracting, x = T. Also ^ = l6 — 2a? (from 1st equation) 
= 16-14 = 2. 

(3) Or, again, if 2x + Sy = 20, ) . - 

and 3x + 4 = 25,r"*"«^"'''*1""*'°°'' 
multiply 1st equation by 2, 4j? + 6^ = 40, ) 
2nd by 3, 9-^ + 6^ = 75, /' 

Subtracting, 5a: = S5, .*. a: = -— = 7» 

Also, from 2nd equation, 

4 
2^ = 25-3a? = 25-21=4, .•.^ = - = 2. 

The methods here employed may obviously be applied 
to all other like cases, where two distinct equations are given, 
either in the above form, or capable by previous rules of 
being reduced to that form : — the genersd object beinff so to 
frame one equation out of the two, that one of the unknown 
quantities shall be made to disappear. The most usual 
method is that employed In the last case ; and the rule is>— 

Mark which of the unknown quantities has the least 
coefficients^ (so as to make the easiest multipliers)^ and sup- 
posing it to be ^, multiply the 1st equation by the coefficient 
of ^ in the 2nd| and the 2nd equation by the coefficient of jf 
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in the 1st. Then the two resulting equations will be such 
that either by adding them togewer^ or subtracting one 
from the other (it will easily be seen which) y will disappear 
altogether^ and leave a simple equation of one unknown 
quantity^ x; or vice versa, if a; be made to disappear. 

Ex.1. If 2« + l6y = 48, 1 ^ , 

and5*-13^ = 67,/^"^^*°^-^- 
Multiply 1st equation by 5, and the 2nd by 2, then 

10j: + 8C)y = 240, ) 
and 10a?-26y=134., J 
Subtractings 106^ = 106, 

Also, 2a? = 48-l6y = 48-l6 = 32, 

.'. x=l6. 

That these are the correct values will thus appear :— 

2jr+% = 2x 16+ 16x1 =32 + 16 = 48, 

and 5a?-13j^ = 5xl6r- 13x1 = 80-13 = 67. 

Ex.2. If 7«-8v= 3, ) u J J 

J ,« /«!-?• find J? and V. 
and 13x + 5^ = 85, f ^ 

Here the coefficients of ^ are the smaller^ .*. multiply 
the 1st equation by 5, the coefficient of ^ in 2nd equation, 
and the 2nd by 8, the coefficient of ^ in 1st equation, and 
we have 

from the 1st, 35x — 40y = 15, ) 

2nd, 104j? + 40y = 680, J 

addiag, 139x==695, 

•'•*"139""^- 
Also, from 1st equation, 8^ = 7j? - 3 = 35 - 3 = 32, 

32 ^ 

That these are the correct values will easily appear on 
trial: for 7* = 35, and 8^ = 32, .*. 7^-8^ = 35-32 = 3. 
Al80.13x = 65, and 5^ = 20, .M3;p + 5^ = 65 + 20 = 85. 

'^ [Exercises Q, 1 ... 1 5, p. 86.] 
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There are some cases^ however, in which the preceding 
Rule should not be strictly applied^ especially if the nutae 
Heal quantities in the equations are large. For example 

Ex.1. Iflfo + 23^ = 94,)g^^^^ 

and 14ar-12y=18, J ^ 

Here 112 is the Least Com. Mult, of 16 and 14, and i 
contains the former 7 times and the latter 8 times ; .*. multi 
plying the 1st equation by 7^ and the 2nd by 8, we have 

112ar+l6lj^ = 658, ) 

112a?- 96^ = 144,/ 

Subtracting, 257^ = 514, 

•'••^~257" 
Also 14ar=12^ + 18 = 24+ 18 = 42, 

_42 
14 

Ex.2. If 54a?- 121 v = 15, ) ^ , , 

J o^ mJ^ r.-, > find j: and V. 
and 36a '-' 77^ = 21,/ ^ 

Here 216 is the l. g. m. of 54 and 36, and it Contains tb< 
former 4 times and the latter 6 times; .*. multiplying tlu 
Ist equation by 4, and the 2nd by 6, we have 

2l6a:-484y= 60, ) 

2l6x-462j^=126,j 

Subtracting, 22^=^66, 

•••^ = 22 = ^V 

Also S6ar « 21 + 77j^ = 21 + 231 = 252, 

_^g52 
.-. ar--^^7. 

£ExercisesrQ, 16...20.] 

EXERCISES. Q. 
Find the values of x and y in the following equations :— 



(1) a: +^ = 17 
2x-^«19: 

(2) 4ar-7j^ = 26, 



4* + 5^ 



;} 

= 26, V 
= 50,i 



(3). Sx+y = S2,) 

Sar-2y=14, j 

(4) 3«-7y = 2,) 



(5) 
(6) 
(7) 
(8) 
(9) 
(10) 

(") 
(12) 
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15x-2y = ll,i 



6j?-7y= 3,1 

S5x + 2^ = 76, ) 
12y- a? = 34,1 

5j: + 2^ = 16, ) 
gy + 2a? = 31, J 

11j?~ 7j^ = 72J 
7a?-llj^= 0,J 

36x - 45y = 0, ) 

9j:+ 5^ =65, 

7x 



+ 5j^ =65,) 
-2^.^ = 25, J 



(IS) 
(14) 
(15) 

(16) 

(17) 
(18) 

(19) 
(20) 



15jr-y=143, ) 

11a? '13^ = 16,1 
20x-19^ = 43J 
45x + 8j^ = 350, ) 
21^-13x = 132, ( 



lOlor- 24^ = 63, 1^ 
103«- 28^ = 29, j 
64ar -H 90^ = 237, ) 
63ar-218j^- 80, J 
3^.^?- 4^.^=12,1 

7*+ 9ir = 60,| 

H'X + sy^ 48,) 
4^.0? + lOj^ = 126, j 
4i.«- 3^.^ = 6,^ 

^x- iy = 2./ 



56, When the equations are not given in the form of 
the foregoing examples, they must be reduced to that form 
by the rules before employed. Thus, 

E.. 1. If 2(x+5,) = 3(*- j,) + 10,| ^^ ^ ^^ 
and 2j:-^ = 4(2^-jr) + 3, J ^ 

From 1st equation, 2x + 2^ = 3a?- 3^ + 10, 

or 5^ — X as 10, 

From 2nd equation, 2x -^ = 8^ - 4* + 3, 

or 6a?— 9^ = 3, 
or 2x — 3^ = 1 



(1) 



(2) 



The reduced equations, then, are 5^ - x = 10, 



and Stx — Sy 



(-x=10,) 
-3v = l, J 



Multiply (1) by 2, 10^ - 2x = 20, 



- 2x = 20, ) 
-3y = l, J 



but from (2) 2x 

adding, 7^ = 21, 

Also from (1) a? = 5^-lO = 15 - 10 = 5, 



21 „ 



88 SIMPLE EQUATIONS OF TWO UNKNOWN QUANTITIES* 

Ex.2. If^ + 6=§^+|. ] 

, ^ > find X and y, 

and ^ + 1 = -^ -, 

5 10 ^ 

To clear of fractions^ 
multiply 1 St equation by 6, 4* - 2y + S6 = 6y - 3a: + 27> 
transposing^ 4a: + Sx - 2y — 6y = 27 — 36, 

combining, 7j; — 8y=— 9 (0 

Multiply 2nd equation by 10, 6a: + 2^ + 10 = Sy + a: + IS, 
transposing and combining, 5x — i/=3 (2) 

The two reduced equations, then, are 

7j:-8j^ = -9, ) 
and 5x - y = S, J 

Multiply the latter by 8, 40a: -8^ = 24, I 
and from (1), 7* — 8y =- 9» > 
subtracting, 33x = 33, 

•'. a: = 1. 
Also, from (2), y = 5x-3 = 5-S = 2. 

T- « T/» Sa: - 5y ^ 2a: + y ^ 
Ex.3. If — —^ + 3 = — 5 > I 

> find X and v. 

4 2 3^ 
To clear of fractions, 

Multiply 1st equation by 10, 15a:- 25y + 30 = 4a: + 2y, 

transposing and combining, 1 1 x — 27y = — 30 ..•(!) 

Multiply 2nd equation by 12, 96-3x + 6if==6x-{' ^y^ 

transposing and combining, 96 = 9* — 2y (2) 

Multiply (1) by 9, 99a:-243j^ = -270, ) 



(2) by 11, 99X-- 22j^ = 1056, 

subtracting, 22 ly = 1 326, 

1326 



.•.y = 



221 



= 6- 



Also, from (2), 9* = 96 + 2j^ = 96 + 12 - 108, 
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EXERCISES E. 

Find the values of x and ^ in each of the following 
equations: — 

(1) S(4«-5y) = 2(*+y) + S, ) (*^ S*+-=S6, 
(3) -—1-3^-^, I ^^^ 2X-3 



5x-^_g^4^ j 5,-13^=33i 



>«-13w=33i, J 



«+3 1 




(6) 1+1=42, 

9 8 ' 
(8) i(«+y) = M2*+*).l 



(9) K' + 2) + i(y-*)=2*-8, ) 

j(2y - 3jr) + i(8« + 6^ - 4) = 3* + 4, I 



(10) K3*-7y)=K2*+y + i)l 



(11) 



a;-2 10-0? y-lO •. 

~J~ ~"3 4 ' I 

2« + 4 2j;+,y « + 13 f 

3 8 4 ' -^ 

(12) ?f^.1^L±^Kgi 



3 



f(5x + Sj^ + 2) = i(9j^ 



+6). I 



PROBLEMS 

DEPENDING UPON THE SOLUTION OP SIMPLE EQUATIONS OP TWO 

UNKNOWN QUANTIFIES. 

Prob. 1. The sum of two numbers is 26, and, if the 
half of the greater of them be added to the third part of 
the other^ the sum of these parts is 11. What are the 
numbers ? 

Let X and ^ be the numbers required, then, by the 
question^ x +1^ = 26. 

X v 

Also ~ = the half of one, and ~ == the third part of the 
other, .'. by the question, r + ^= IL 

Thus, then, the problem is reduced to finding x and y 
from these two equations, 

j: + y = 26, 



and 



j: + y = sso, \ 



Multiply the 2nd by 6, 3x + 2y = 66, ) 
1st by 2, 2;i? + 2y=52, j 

subtracting, j; = 14. 

Also y = 26-J? = 26-14 = 12. 

.*. the numbers required are 14 and 12. 

• These values are correct, ••• 14+ 12 = 26, 

and — + — = 7 + 4=11. 

Note, It is not absolutely necessary to have two un- 
known quantities, x and y, here. The Problem may also be 
solved as follows :— 

Let X be the greater of the two numbers, 

then 26 — jp is the other, by the question, 

••. - is the half o£ xJie gt^aX«st, 
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«.d^' the third part of the other, 

and — + — - — =11, by the question^ which is a simple 

equation oione unknown quantity. 
Multiply by 6, Sjt + 52 - 2d? = 66, 

•'. x=66 — 52 = 14, one of the numbers ; 
and 26- d: = 26 - 14 = 12, the other. 

Prob. 2. I have as many shillings^ and pennies, as 
together. make £l, 5s. Od., and if the pennies were shillings 
imd -the shillings pennies, then I should have only 14f. 
How many have I of eac^ ? 

Let X be the number of shillings, 

y pennies^ 

then X shillings = 12r pence^ 

£1, 5s» = 300 pence^ 

••. 12a? +^ e SOO, by the question, (1). 

Again, y shillings = 12y pence, 

14f. =3 168 pence, 

.'. i^y + 0? = 168, by the question, 

From (1) 144ar + 12^ = 3600, 

.*. subtracting, 143a? = 3432, 

3432 
•'• * ~ TZq ~ ^^' *^® number of shillings, 

and v = 300-12x=300) ,^ , 1. ^ 

--„> = 12, the number of penmes. 

Prob. 3. Seven yeard ago a father was 4 times as old 
as his son, but in seven years more he will be only twice 
as old* What is the age of each ? 

Let X be the son's age, 

y the father's age, 

then a: — 7 = son's age 7 years ago, 

^ — 7 = father's 

0? + 7 = son's age m 7 -^ew^ xwst^, 

y + 7 = father* s 1 
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.% by the question^ 

^ — 7 = 4(a: - 7), 1 from which equations it 
and ^ + 7 = 2(a: + 7), j remains to find a? and y, 
or ^ - 7 = 4ar - 28, 1 
^ + 7 = 2jr + 14, J 
subtracting, - 14 = 2x - 42, 

.'. 2* = 42 -14 = 28, 

••. a? = — = 14, the son's age, 
At 

and ^ = 7 + 4(x - 7) »= 7 + 28 = 35, the Other's age. 

Pbob. 4. I have in my purse a sum of money consisting 
of sovereigns and half-crowns: If I had twice as many 
sovereigns and half as many half-crowns, I should have 
£20. 10^. ; but if I had half as many sovereigns, and twice 
as many half-crowns, I should have only £7* What is the 
number of each coin ? 

Let X be the number of sovereigns, 
and y half-crowns. 

Then *.* Six sovereigns = 20 x2x shillings = 404? shillings, 

and •? half-crowns = 2ix? = -il 

2*2 4 

and £20. IOj. = 410 shillings, 
.'. by the question, 40j? + -~ = 410, 

or dividing by 5, 8jr +^ = 82, 

4 

or S2x +^ = 328 (1). 

-^g^^^j 2 ®®^®^®^8^s = 20 X -, or lOj? shillings, 

and 2^ half-crowns =2^x2^, or 5y shillings, 
.'. by the question, lOa; + 5y = 140, 

or 2x + ^= 28,) 

+j^ = 328,i ^ ^' 



but from (1) 32* 
.*. subtracting, 30ar = 300 ; 



300 - , « 

•. « = -;rr-=10,thenumberof sovereigns. 
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Also from (2) ^ = 28-2ar = 28-20 = 8, the number of 
half-crowns* 

Prob. 5. An orange- woman bought oranges^ and after- 
wards forgot the price ; but she recollected, that she paid 
for them m shillings and halfpence — that the number of 
each coin was the same — and that she had as many dozens 
of oranges as the number of shillings and halfpence taken 
together. What was the price per dozen ? 

Let X be the price per doz. in pence, 

y the number of shillings paid, and also the number of half- 
pence, 

then 2^ «B number of dozens of oranges, by the question, 

and Zyy.x or 2ary = cost of all the oranges, in pence^ 

but the cost of the whole is y shillings + y halfpence, 

or 12^ + ^ pence, 

2j: -» 12 + ^, dividing by y, which is in every term, 
,\ x= 6 + i, or 6 Je/., the price per doz. required. 

In this solution ttvo unknown quantities have been 
employed, but one only being required, and the Problem 
not furnishing a second equation, the other disappeared by 
division. It may serve to shew the convenience of sometimes 
using two unknown quantities to obtain the value of one only. 

Another method of solution is as follows, assuming a to 
represent, not the number required^ but the number of each 
com paid for the oranges ; then 

the whole cost of th.e oranges = x shillings + x halfpence, 

Of 

= I2x + - pence^ 

and the number of dozens ... —a? + a?, or 2a?, by the question, 

, whole cost 

•'. price per dozen ... = — — ^ ttj , 

^ ^ number of dozens 

X 

12jr + - 
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pROB. 6. A certain fraction becomes 1, if 1 be added to 
its numerator; but if 2 be added to its denominator, it 
becomes ^. Find the fraction. 

Let - be the fraction required; then^ adding 1 to the 
<y 

numerator, the fraction becomes , 

.'. by the question^ = 1 ; 

or, multiplying by ^, a: + l=^, (1). 

X 1 
Also, by the question, o~o* •'• 2J?==.y + 2, ...(2). 

V *T" <• % 

But from (1),^= J? +1, .*. 2a? = ar+ 1 + 2, .•.«?= 3. 

And y = J? + 1, /. y=: 4, •*• - = t > the fraction required. 

•y 

Prob. 7* There is a certain number composed of two 
figures or digits, which is equal to four times the sum of 
its digits ; and if the digits exchange places the number 
thus formed is less by 12 than twice the former number. 
What is the number ? 

Let X be the digit in the tens' place, 

y units . . . 

then 10a? +^ is the number, (just as 23 = 10 x2 + S,) .*. by 
the question, 

10j:+^ = 4(ar + y), 

= 4 J? + 4^, 

lOa? — 4a? = 4y — ^, 

6x = 3tf, 

2a?=jr (1). 

Again, if the digits be reversed, 10^ + « will be the 
number, /. by the question, 

10^ + a? = 2(10ar +y)- 12, 
= 20j: + 2^-12, 
19x- 8jr=12, 

IQx - 16j: = 12, ••• 1/ = 2x, from (1), 
3«=12, 
.'. a? = 4; and^ = 2x = 8. 
.*. the number required is 48. 
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Prob. 8« Iron, worth £lO. in its raw state, is manu- 
factured half into knife-blades and half into razors, and is 
then worth £444. But if one-'tkird of it had been made 
into razors and the rest into knife-blades, the produce 
would have been worth £30. more than in the former case. 
How much is the value of the original material increased 
by these respective manufactures ? 

Let £l. in raw iron become «£• in knife-blades^ 
and ^£.... razors; 

then, *.* £5. in raw iron is made into knife-blades^ and £5. 
also into razors^ by the question, 

5x + 5y = 444 (l) 

Again, on second supposition, ^ of 10£. in raw iron, 

that is, -=■£' is made into razors; and f of 10£., that is, 
3 

20 

-— £. is made into knife-blades ; .*• by the question, 

3 

-3 a? + -3-3^-444 + 30, 

or 20x + 10^= 1422 (2) 

Now from (I) 10^ + 10^ = 888, 
,-. subtracting from (2), 10ar = 534, 

.-. <2? =; — = 53| = £53. 8*. 

Also from (1), 55^ = 444 - 5x =f 444 - 267 = 1 77, 

177 
.-. jr = -^ = 35l = £35. Ss, 

Hence, every pound*s worth of raw iron is increased in 
value to £53, Ss, if made into knife-blades ; and to £35. 8s, 
if made into razors^ 

EXERCISES. S. 

1. Says Charles to William, If you give me 10 of youf 
inarbles, I shall then have just twice as many as you : but 
says William to Charles, If you give me 10 of yours, I shall 
then have three times as many as you. How many had 
each? 

2. A man, who has two purses containing money, re- 
ceives £10. to add to them, and finds that if he puts £5. 
into each, one will then contain exactly twice as much &a 
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the other, but if he puts the whole £lO. into that which 
already contains the most, its contents will be just three 
times the value of the other. How much was there in each 
purse to begin with ? 

3. A party consists of men and women, and there are 
6 men to every 5 women; but if there had been 2 men less 
and 2 women more, the number of each would have been 
the same. How many are there ? 

4. A clergyman, who had a dole of £5. 10*. to dis- 
tribute amongst a certain number of old men and widows, 
found that, if he gave them 3*. each, he would be 1*. out of 
pocket ; but, if he gave each of the men 2*. 9.d, and each of 
the widows Ss. 6d., he would have 6d, to spare. How many 
were there of each ? 

5. There is a certain fraction which becomes equal to \, 
when both numerator and denominator are diminished by 1 ; 
but, if 2 be taken from the numerator and added to the de« 
nominator, it becomes equal to j. What is the fraction ? 

6. What is the fraction in which twice the sum of the 
numerator and denominator is equal to three times their 
difference ? 

7* Find two numbers such that one shall be as much 
above 10, as the other is below it, and one-tenth of their 
sum equal to one-fourth of their difference. 

8. Find two numbers such that the half of one added 
to a third of the other is 12, but a third of the former added 
to half the other is 13. 

9. A person has two casks with a certain quantity of 
wine in each. He draws out of the first into the second as 
much as there was in the second to begin with : then he 
draws out of the second into the first as much as was left in 
the first : and then again out of the first into the second as 
much as was left in the second. There are then exactly 
8 gallons in each cask. How much was there in each at first? 

10. In the course of last century the change took place^ 
called ^ the change of Styled, which consisted in beginning the 
year with Jan. 1, mstead of March 25, as heretofore, and 
fbr that year only, calling the day after Sep. 2, the 14*, in- 
stead of the 3"*. Now the year of our Lord in which this 
happened, possesses the following properties: — ^The first 
digit being 1 for thousands, the second is the sum of the 
third and fourth, the third is the third part of the sum of all 
four, and the fourth is the fourth part of the sum of the first 
two* Determine th^ year. 
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57- Dbf. a quantity multiplied by itself once, or sac- 
cessively more than once, is said to be involredj or raited 
to a certain pomer, and the power to which it is raised is 
marked by the number of tmies the quantity occurs as a 
factor in the multiplication. 

Thns axa, or a*, expresses that a is raised to the 2nd 
jxwer, because a occurs twice as a factor; and so on. See 

Art.9- 

iNTOLUTioir, therefore^ differs not in reality from Multi- 
plication, and requires no rules different from those already 
given. 

It may^ however, be worth while to observe here the 
partiadar results in certain cases, when Multiplicand and 
Multiplier, as in Involution, are both alike. Thus, 

Ist. Any simple quantity, of one letter, as a, is raised 
to the 2nd power^ or squared, by doiubUng its index. For 
example, 

a, or a*, squared is a*, 

a* a\ V fl«xfl« = fl^ = fl*, (Art 24.) 

a* tf*, \' a*xa*==c^»a*, ..;... 

and 80on« 

2nd. Any product, or quantity of two factors, as a6, is 
raised to the 2nd power, or squared, by squaring each factor 
separately, and taking the product of those results. For 
example, 

ab squared is n'^*, v dby.ah ^abab=aahb (Art 5)—aV; 

€^h 4*6*, V fl*6xfl"6=a*^a"&=a'fl"W = flW; 

«&• c?h\ •.• ah* X ah*=-aWah*=aaf^b* = aW; 

and so on. 

Similarly, Sxy squared ^S^x3xy== 3 x3xxify=9a^i^; 

2a5c squared = 4a%V; squaring each factor 
separately, whatever be the number of them. 

3rd. Any fraction, as 7, is squared by squaring the nu- 
merator and denominator separately* For example. 

n 
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g squared IS g5, v J^J =^ (Art. 40) = g5; 
ab a^b' ab ^b _^abxab , . a^b* 

^ Vd^' ■•'^''^"^rf^r^^^^'^^^"^'* 

^ -— x: and so on, whatever the fraction be. 

\_Exercises T, 1 ... 1 1 , p. 99.] 

4th. Any quantity of two terms, both positive, as a + ^, is 
squared by squaring each term separately, and adding to 
the sum of these twice the product of the two terms. For 

a + b squared is a* + 6" + 2a6, See Art. 33, Ex. 4|, 

that is, the square of a + the square of 6 + twice the product 
of a and b, 

5th. Any quantity of two terms^ one of which is negativey 
as a — 6, is squared by squaring each term separately, and 
subtracting from the sum of these twice the prodact of the 
two terms. For 



a — 6 squared is fl*+ 6'- 2a6, See Art.^ 28, Ex. 5. 

This case comes under the same rule as the preceding 
one, if the quantities are taken along rvith their proper signs, 

Ex. 1. (l+a;)*=l' + a:'+2xlxar=l + x' + 2x. 
Ex.2. (l-ar)"=l" + «»-2xlxar=l + ar*-2x. 
Ex.3. (2 + J?)"=2* + ar'+2x2xa? = 4 + aj' + 4x^ 
Ex. 4. (2x-j()'=(2«)'+^*-2x2xx^ = 4ar*+y-4<cy. 
Ex. 5. (2fl+36)«=(2fl)*+(3&)»+2x2ax36=4a'+9i'+12fl6. 
Ex. 6. (fl6- l)»=(a6)'+ l'-2xa6x 1 =aW+ 1 -2flA. 
[^Exercises T, 12. ..24, p. 99.] 

68. The last two Rules may be used with effect some- 
times in Mental Arithmetic, as it is called, which means 
Arithmetic worked in the mind and memory, without 
writing. Thus suppose the square of 25 be required; 
since 25 = 20 + 5, 

.•• square of 25 = square of 20 + 5, 

as square of 20 + square of 5 + twice product 
of 20 and 5, 

s= 400 + 25 + 200, 

:==625, 

all which may be readily done in the mind without writing* 
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Again^ the square of 15 = the square of 10 + 5, 

= 10» + 5»+2x5xl0, 
= 100 + 25 + 100, 
= 225. 

The use of this method, however, will be best seen, in 
arger numbers : thus, required the square of 499 ; since 

t99= 500-1, 

'. square of 499 = square of 500 — 1, 

= square of 500 + square of 1 - 2x500x1, 

= 250,000 + 1 - 1,000, 

= 249,000 + 1, 

= 249,001, 

ill which may be readily done in the mind without actual 
writing. 

59. It is to be observed that a quantity of one term 
iquared is still of one term ; and a quantity of two terms 
iquared produces a quantity of three terms. Hence no 
quantity of two terms can have been produced by squaring, 
iiat is, can be a complete square. 

It should also not be forgotten, that, although the square 
yf axb is i^xb', the square of a-hb is not a^+b\ but 
i'+ 6' + ^b, a and b representing any quantities whatever, 

EXERCISES. T. 
Square each of the following quantities :^ 



(1) 

(2) 


5ax. 
5axy. 


(9) 


4o»6 

7*y 


(3) 


--lab. 


(10) 


-3*y 


(4) 


a^bc. 




XX 


(5) 


ab 


(11) 


4 
5(^b<^ ' 


(6) 


c 


(12) 


a+1. 


(7) 


Sax 


(13) 


ab + 1. 


Zby' 


(U) 


x + 3. 


(8) 


a*h 


(15) 


%-y. 


2c* 


(16) 


2m — n* 



(17) 


Qx - 3y. 


(18) 


2 


(19) 


3 


(20) 


mx + n. 


(21) 


2mx — w. 


(22) 


abx + c. 


(23) 


Sxy - a. 


(24) 


\ab + c. 



1— ^ 
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60. Evolution is precisely the reverse operation to 
Involution. We have to evolve, or extract^ the quantity called 
the rooty by the involution of which the proposed quantity is 
produced. Thus, to evolve or extract^ tne square root of 25, 
is to find the number which being squared produces 25; 
that is, 5. Hence the square root of a^ is a, because a id the 
quantity which being squared produces a'; and so on. 

61. To extract the square root of a simple quantity, of 
one letter, as a, we must halve its index. Thus, 

the square root of «■ is a^ or a, •/ a x a = a% 
the square root of a* is a', %• a^xd^ = a*; 

and so on. 

62. To extract the square root of any product, of two 
factors, we must extract the square root of each factor 
separately, and take the product of these results. Thus 

writing fj^for *the square root of, 

J^-Ja.Jb, \*Ja.JbxJa.Jb-Ja,Ja.Jh.Jb=sah^ 

and so on ; from which it appears that ^ . ^ squared 

produces ab, and .*. ^a .Jb is the square root of ab; and 
similarly for any other product of two factors. 

By the same method of reasoning it may be shewn that 
the square root of a product of three or more factors is found 
by tdking the square root of each factor separately. Thus 

Jabc = J a • Jb . Jc ; and so on. 

{Exercises U, 1...3, p. 103.] 

63. To extract the square root of sl fraction we must 
take the square root of Uie numerator and denominator 
separately. Thus 

fa 
which shews that ^ is the quantity which being squared 

^b 

produces j-, and therefore it is the square root of t . 

i? /ioo_ n/ioQ _io f^^J^ ^^ 

^*^' V 49 " ^49 " 1 * V 4«-" ^i?"2a?' 
\_Exercises 13 , 4 . . .6> '^. \0^r\ 
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64. To extract the square root of a *' complete square"* 
of three terms ^ arrange the terms according to the powers of 
some one letter, (as in Division)^ and take the sum or dif« 
ference of the square roots of the extreme terms, taken 
separately, accordmgly as the sign of the middle term is + or ~. 
Thus, a* + 2ax + x* is a complete square arranged according 
to powers of a, and its square root is Jc^^Jl?^ or n+ar, 
•/ II + « squared produces a* + 2ax + x*. The square root 
of fl* - Zax + X* is a^x^ for the same reason. 

Ex. 1. Ja*-¥ 1 + Za^Ja* + 2a + 1 = Ja' + ^ = a + 1. 

Ex.2. ^J:'+9-&g = VJ^-6^ + 9 = ^/?-^^/9 = J?-3. 

Ex.3. ^4 +j^~4j( = Vy~4y + 4 = ^-^=^-2. 

Ex.4. y*--/«.^=vi^VT='-f- 

Ex.5. a/*' + 3x + ^ = ^+^2 = x + |. 

Ex. 6. ^y jw V + ^mnx + n* = ^jw V + ^»" = mx + n. 
Ex. 7. V9^p^^^^^+a" = ^9^y - ^/o" = 3xy - a. 
Ex.8. ^ia«^« + fl6c + c« = Vifl'A* + 7c« = |ai^ + c. 
^Exercises U, 7- . . 12, p. 103.] 

65. Since either + a, or — a, multiplied by itself, pro- 
duces a*j therefore stricdy speaking, the square root of a 
quantity has always a double sign^ which is written thus >k, 
and is read 'plus or minus\ Thus J^ is^a; Ja'b^ is^ab, 
^fl* + 2ax + x* is sfc(fl + x); and so on. 

To shew that-(a+x) is the square root of a" + 2ax + a?*, 
as much as a + x is, let us multiply - (a + x) by itself; Ist. 
Removing the brackets, by Art. 44, - (a + x) = - a - x, and 
this multiplied by itself as under 

— a- X 



— a — X 



a* + ax 



+ ax + x* 



II* + 2flrx + x' 



* By a '^complete square** is meant a quantity which has heen nm- 
duced, or may be produced, by squaring Mvoie oxS^ct c^vcl^vl^^vci^'wd^^bw 
therefore has an earact square root. Thuft %& i& «k ^ woi'^^Vfc v^vlO ^^b^ 
Sffiinot, 
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produces c^ + 2aaf + a^9 .*. — a— x, or —(« + «) is the square 
root of fl' + 2flx + j:". 

66. By observing the relation which exists between 
the parts of complete squares of three terms arranged 
according to the powers of one letter, as ar" + 2aj: + a', 

j:*— pj?+'^, «' + 6a? + 9> &c., we see that the square of 

the middle term is always equal to 4 times the product of 
the extreme terms, and that no three terms can form a 
complete square which does not fulfil this condition. 

Exs. 4?" — 7* + l6 is not a complete square, although x* 
and l6 are both squares, because (fx)* or 49x' is not equal 
to 4fxl6a^. But or'— 8x+ 16 is a complete square, viz. the 
square of x — 4, since (8x)' or 64x" = 4 xl6x*. 

Hence, if in any proposed case we are allowed to add 
to two terms another which shall make the three, when 
arranged according to the powers of one letter, a complete 
square, the added term must be such that the square of 
the middle term is equal to 4 times the product of the 
extremes. 

For example, i£a^ + px is to be made a complete square 
by adding another term, suppose the unknown term to be y, 
then, by the supposition, a^+px + i/ 13 a complete square^ and 
by die rule which applies to all complete squares of three 

terms, (px)* or pV = 4y»*, .'.^s^, and 

.•. x" + px + ^ is the complete square. 

Similarly, if to x"— px there be added ^, the resulting 
quantity a?—px-\'^ is a complete square, viz. the square 



4 



of x-^. 



Exs. To x'+ 6x add f- j , or 3*, and the root Is x + 5. 

To x"-8x ... r^y, or4», x-4. 

Toa^-5x ... io ) > ^^V 
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2 /IV 1 

To X* + - « add ( - j , and the root is « + - . 

Tox'-lx -.(I), 4:-|. 

[[j&'x^mef U, IS.. .24.] 

EXERCISES. U. 

Extract the square root of each of the following 
quantities : — 



(1) 4a'bK 

(2) ftrV*- 

(3) 100a*6V. 



9aV 



^ ^ 4 ny 



(7) l+x«-2x. 

(8) 4x»+4jr + l. 

(9) 4a*+6*«4a6. 

(10) 9x«+6x + l. 

(11) x«+x + j. 

4 

(12) 4;» + l-2, 



Complete the squares in each of the following cases : — 

2x 



(13) x'-lZx. 

(14) «*-14*. 

(15) jr'+llo;. 

(16) a* + 2*. 

(17) «*-*. 

(18) a^+y. 



(19) «*- 



7" 



(20) *» + -x. 

(21) x'-ix. 

(22) ar*-!*. 

(23) x'-^. 

(24) x'-g. 



QUADRATIC EQUATIONS, 

67. Dbf. There are two sorts of Quadratic Ec 
tions. 1st. Those which^ either at firsts or after reduc 
by the rules of Arts. 46... 49^ contain no other power of 
unknown quantity but the 2nd^ as ar%— these are called 1 
Quadratics. 2nd. Those which contain no other powei 
the unknown quantity but the ^first and second, as x 
;r',*^these are sometimes called Adfected Quadratics* 

68. Pure Quadratics are solved precisely as Sh 
Equations^ considering x" as the quantity sought in 
first instance. Having found the value of x% it then 
mains only to extract file square root of the equal quanti 
and x is found. Or the unknown quantity may bi 
involved as to present an equation (either at first, 01 
reduction^) of the form (j? — a)'=6; then extracting 

square root, we have ar — a = sfc Jb, and ,\ x = a^ Jb, 

Ex. 1. If So:'-. 2 = 2j;"+ 2, find x. 
Transposing, So?" — 2a:* =2 + 2, 
combining, ar" = 4, 

.'. X = t/i = =fc 2. (Art. 65). 

To clear off fractions, multiply by 48, the Least C 
mon Multiple of the Denominators, 

I6j:'-12x"-3a:* = l6, 

combining, j?*=l6, 

.'. ar = <yi6-=±4. 

Ex. 3. If 7(2a?"-6) + 5(S-jr') = 198, find x. 
Here 7(2a?"-6) = 14ar'-42, and 5(3-.ar') = 15-5j 
.•• erasing brackets (Art 44), 14j?'-42 + 15 - 5x'^ 1 
transposing, 14«*- 54?*= I98 + 42 - 15, 
combining, 9** = 225, 

dividing, **~~7r ~^^' 
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Ex.*. If _1-+ _i- =3, find a>. 

o + X 3 — 0? 

Multiply by S + x, 4 + -^ — — = 9 + 3x, 



transposing^ 



3-x 
12 + 4X 



= 5 + 3x, 



S-or 

multiply by 3-ar, 12 + 4ix = 15+9x-5x-3x% 

transposing, 3j:' + 4j: + 5x - 9ar = 1 5 - ISJ, 
combining, Sx* = 3, 

dividing, j?* = 1, 

.«. d*=dbi. 

Ex. 5. If (4« — 5)* = 4j?', find or. 

Extracting root, ^x — S^'^Qx, 

4j; =p 207 = 5> (=F is read ' minuj or plus*), 

.•• 2x=5, or Co: = 5, 

5 5 

.-. o? = - = 2i, orar = g. 



EXERCISES. V. 

Find the values of x in each of the following equa-. 
tions : — 



(1) Sx>-5 = ^ + 7. 

(2) (or + l)» = 2x+17. 

(3) (ar + 2)* = 4x+5. 

(4) (2x - 5)* = or" - 20o: + 73. 

(5) «■ z — =3 



(6) 



5 

20?*+ 10 
15 



=7 



3 

50+^ 
25 



X 



s^ s^ 



f7) 5-T5'^25 = ^i- 

(8) 13|-^ = 2o:«-8|. 

(9) —^+^=8. 
^ ' 1 + o: 1-07 

^^ x« So?*+l~4(3or»+l)* 

rm 1^+16 2o?'+8 207* 
^^ 21 8o7"-ll""3* 

02) (-iy=i 
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69. Adfegted Quadratics are solved by the follow- 
ing Rule:— 

1st Employ the methods given in Arts. 46.. .49 for 
clearings transposing^ combining, &c. until the equation is 
reduced to three terms, in the form ax* -{-bx^c, having 
collected all the terms containing a^ into one^ as aa^^ and 
all those containing x into one^ as bx^ to form one side of 
the equation, and placing the known quantities, as c, on 
the otner. 

2nd. Divide the whole equation by the coefficient of 

x'y bringing it into the form «* + -« = -, replacing -, 

c 
and - , by whole numbers, if they admit of it. 

3rd. Add to each side the square of half the coefficient 
of a, which wiU make the left side a complete square, 
(Art 66). 

4th. Extract the square root of each side, ami the 
result will be a simple equation, from which x is readily 
found. 

Ex.1. If Sx'-12ar + S2=x* + 12«-S2, find x. 
Transposing, So:* - ar" - 12x - 12j: = - 32 - 32, 
combining, 2 a:" — 24* = — 64, 

dividing by 2, jr" - 12a: « - 32, 

adding (^ , or 6% «"-12x + 6»= 36 - 32 = 4, 

extracting root, a? — 6 = * 2, 

,\ xs 6^^2 = 8, or 4. 

Upon substituting these values for a in the original 
equation both of them are found to satisfy it 

Ex.2. If 5(«"-5)-2ar(«-l)«60, find ar. 
Smce 5(«"- 5) = Sx"- 25, and 2ar(«- 1) = ^^ 2a?, 

.'. 5ar*- 25 - 24?" + 2* = 60, (Art 44,) 
transposing, 5*" — 2ar" + 2a: = 60 + 25, 
combining, Sj^ + 2a? = 85, 

dividing by 3, ^ "^ a* ''"a * 
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IT AV ^ 2 /IV 85 1 255 + 1 256 
addingy, .^ + -x+y = -4.-^ 9—9-' 

, . , 1 /2^ 16 

extracting root, x+- = ^ — = ±y, 

^16 1 15 17 

3 3 3' 3 

= 5, or — 5|. 
Ex. 3. If 3^ + px^q^ find jr. 

Adding (|j, ^ + jP'^+(f) = (|)+9. 

extracting root, «+^ = «*= a/~ + 9> 
'.• the root of -^ + ^ can only be thus expressed, (Art 59). 



•••'=-f*\/f^ 



This being true whatever numbers p and q stand for, it 
is called the general solution of a quadratic equation, as it 
includes every particular equation of that form. 

Thus, if «■+ 4<i? = 12, here ^ = 4, and q = 12, 

,. x^~^ /—+12 i substituting for p and ^ in the above re- 
2 V 4 \sult their values in this particular case, 

=-2±V^==-2*4 = 2, or -6. 

And in evert/ such equation it wOl be easy to write down 
at once the values of ^ by remembering the general solution, 
leaving only a littie arithmetical working to simplify them, 

Ex.4. If ?±l-.^=l,findar. 

Clearing fractions, «* + 2d? + l-(«"-2j: + l) = ar*-l, 

«*+ 2ar + 1 -«?*+ 2;i?- 1 = «*- 1, 
combining, «* — 4* = 1, 

adding f- j , or 4, «* — 4* + 4 = 5, 

extracting root, » — a = *** sfs, _ 
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11 1 

Ex. 5. If - + = — -, find X. 

X x+l x+2 

X+l-hX I 



x'+x x+2^ 
(2ar + 1) (x + 2) = 0?'+ jr, 
2j;*+ 5ar + 2 = a:'+ x, 
ar*+4fj? =— 2, 
«*+4j?+4 = 4-2 = 2, 

« + 2=±^2, 
.-. ar = -2«t^. 

70. There is another method of *' completing the sq\ 
in a quadratic equation, (called the Hindoo method), ^ 
is not so often used as it ought to be, for it has deci< 
the advantage of the common method in many cases, ai 
be seen from the subjoined Examples. 

The Rule is, when an equation is in the form ax^+i 
(where b and c may be either positive or negative) mu 
both sides by 4a, that is, 4 times the coefficient of x'^ 
add to both sides b\ that is, the square of the coefficient 
and the left hand side will be a '' complete square", wi 
introducing^ac/ton^, as in the other method. 

Ex. 1. If 3x'+ 2x=S5, find x. 
Multiply by 4 x3, or 12, 36x'+ Q4fX = 1020, 
add 2', or 4, SSx"-}- 24j? + 4 « 1024, 
extract root, 6* + 2 « ± 32, 

6x=*S2-2=S0, oi 
.••it = 5, or — 5|. 
. Ex. 2. If 5ar*- gar +2i = 0, findx. 
Transposing, Bx^- 9x^^ 2^, 

multiply by 4x5, or 20, 100a?"- 180* = -45, 

adds*, or 81, lOOar"- 180* + 81 =81-45 = 36, 
extract root, 1 Ox -^ 9 = sis 6, 

10x = 9*6=15, or 3 

15 3 

.•.x = -, or-, 
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EXERCISES. W. 



Find the viliies of x in 

tions : — 

1) x» = 3x + ia 

2) «* = 5jr-4w 

3) x*-9jr = x-l6. 

4) x»-14x=120. 

5) 12x-20 = x». 

6) 4x-x»=4w 

7) 7x-*« = 6. 

8) x^x'-SO. 

9) x* + | = S. 



ddi of the following equa- 



0) ''-^ = 27. 

1) «* + ^ = 63. 

2) 9jr-5«*=^2f 

3) 7* + Sx* = 6. 

,^ X* Sx ^. 

4) 3+^ = 21. 

5) *»-| = 34. 

6) H«*-9*=lli- 

7) S«*-5*+2 = 0. 

8) i**-i«-2| = 0. 

9) |**-|* + 7f = 8. 

:20) |*'-|* = 1|. 

21) 5(«»+l)-3(*>-l)=22. 

22) «'-4=l6-(«-2)». 
25) S(x-2y-S=8ix+i). 



(24) 
(25) 
(26) 

(27) 
(28) 

(29) 
(SO) 

(31) 
(32) 
(33) 
(34) 
(35) 
(36) 
(37) 
(38) 

(39) 
(40) 



|(*'-3)-i(x-S). 
S(2-x)+2(3-*)=2(4fSx*). 
*»+(*+ 1)'=^*(*+1). 

♦('-!) -^=Sf. 

6 2, 

+ - = 3. 

«-i- 1 J( 

80 80 

x+4 X 



1 

35 



x-1 

x + 2 
x-1 



x+3 
4-x 



= 2^. 



2x 

_f±_*(5z£) = i5. 
5 — X X 

3x-7^g, 4(x-g ^) 

X * x+5 ' 

4x--S_2x-3^ 
Sx-7 x-1 ~ • 
7-i-x 7-x , 
7-x'*'7 + *'"^' 
3x-5 135 3x + 5 
3x + 5 176 ~ Sx-5' 

Sx+2 , Sx-2 15X+11 

+ 



Sx-2 Sx+2 
S 2 



Sx+2 



8 



5— X 4-x x+2* 
2x + S_ 2x 



10- X 
x + 8 



25 
5 



Sx 



SX-V14 



a-v\St x^*^ ^xv^ 
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71. When there are two equations and two unknown 
quantities, and the rules have been applied^ as in Simple 
Equations, for reducing them to one of one unknown quan« 
tity, the resulting equation will sometimes be quadratic; 
and, if the unknown quantity be found from this equation 
by one of the methods lust laid down, the other unknown 
quantity may be found by substituting the value of the 
former in one of the proposed equations^ and solving the 
resulting equation, which will then contain only one un- 
known quantity. 

Ex.1. If2a:-8= x^y ) ^ . . 

J r, 'i' > find X and y. 

and d^— ^ = 2ar + 2, j ^ 

From 1st equation 2a? — a: = 8 — ^, 

.*. « = 8-^, or ^ = 8-a?; 
substituting this value of ^y in the 2nd equation^ 
X (8 -x)- (8 - x) = 2jr + 2, 
8jr-ar'-8 + ar = 2ar + 2, 
8ar + iP-2a: = a:'+10, 



.8 rr^ . l7V 49 



2 2' 

7±S 
/. x = — ^ = 5, or 2. 

And jy = 8-a:=:8-5, or 8-2, =3, or 6. 

Ex.2. If 2ar'-Sjrv = 2, ) ^ , , 

, ^ « « > find a: and y. 

and 3Jf + 2^ = 8, / "^ 

Multiply 1st equation by 2, 4*' — &ry = 4, 1 

2nd by Sd?, 9j?* + 6j?y = 240:, J 

adding, 1 3 a?" = 4 + 24x, 

transposing, 1 Sx* — 24a: = 4, 

.24 4 

13 13* 
. 24 fl^'^A_ 144 _ 52 + 144 _ I96 
""^ 13*"*"Vl3y ""13'*'(13)*" (1S)» ""(IS/* 

12 14 
extracting root, * *" Is ~ *** Is ' 

12 ±14 26 -2 ^ -2 



• • 



'—Ts ^13' " Ta» =*> *" w 
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And 2y=8-3ar=8-6, or8+ — *=2, or 813, .•.^=1, or 4i3. 

It is not suited to the design of the present work to go 
on to the solution of more complex and difficult equations^ 
which require the application of some artifice suggested by 
the particular form in which each individual equation is 
given^ and for which no general rule can be stated. The 
aspiring student is referred to Wood's Algebra, 13th Edition, 
in the Appendix to whiqh this interesting part of the sub- 
ject is treated at great length. 

EXERCISES. X. 
Find the values of x and y in the following equations : 



0) 



(2) 



(3) 
(4) 



(5) 



(6) 



3a:»-2y=40,J 

5xy-3y= 100, 1^ 
5«-4y = 0, J 

ia?+2y= 00 

j^-sy=2ij 

6(a?-5^) = 27, 

3(a?+5^) = 2i,^ 
8d?y=: 1, f 



= 27,) 
= 28,1 



^-ar=:2, 
10a: 



(7) 



(8) 

(9) 
(10) 

(11) 



(12) i^ = 



-iP=:2, 1 

+ySxy,f 



2ar-3j^= 1, ) 
2a?* + xy-5y = 20, J 

5ar — 2^ = 4, ) 
3x' + 4jr^ = S6*, J 

dP +^ = 5, 1 
*«+/ = 13,i 

3jr +2^ =14, I 
2a?» + 3y=:56,J 

4x 14 

Ay 



r__ 14 1 

-*^-7^==lJ 



PROBLEMS 

IMBPENDZNO UPON THE SOLUTION OF QUADRATIC EQUATIONS. 

Prob. 1. Find the number which multiplied by the 
half of itself produces 50. 

Let X be the number required^ 

then - = its Via\5, 

^0 
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.«. or . - = 50, by the question, 

2=50, 

a:* =100, 

.•, d?= rb 10, the number required; both +10, 
and — 10, satisfying the Problem. 

Pbob. 2. The sum of £4. 1 Os., is equally divided among 
a certain number of persons, and each receives as many half- 
crowns as there are persons altogether. What is the number? 

Let X be the number of persons ; then each person re- 
ceives X half-crowns, or a: x 2^ shillings ; and .*. the sum 
received by all together = or x a; x 2^ shilhngs; but the whole 
sum is 90^. 

.*. a: X a: X 2 J = 90, by the question, 

o 90 
^=2j> 

5 
/. j* = db6; 

.% the number required is 6, the negative value having no 
meaning in this Problem. 

Prob. 3. A person bought a lot of pigs for £4. l6£. 
which he sold again at ISs. 6d, per head, and gained by the 
whole as much as one pig cost him. What number did he 
buy ? 

Let a be the number required, 

then, •/ £4. l6s. is 96s., the cost price is - - per head, in 

shillings, 

and 13^x jTs what he sold the whole for, in shillings, 

.*. 1 3^x«- 96 >:his profit, 

of? 
Hence, by the question, 13^ xx—QG^z^^ ' 

X 

multiply by 2jr, 27«*- 192d? - 192, 
divide by 8, 9a? - ^Az « ^Ae^ 



X = 
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„ 64 ^/32' 

9 \9^ 


)■- 


64 
9 "*" 


1024 
81 


1600 
" 81 ' 


32 40 
9 9, 


» 








S2±40 72 
9 ~ 9' 


or 


8 
9' 






8 
8, or--. 











.*. the number required is 8. 

Prob. 4. A gardener, who had no knowledge of Arith- 
metic^ undertook to plant a certain number of trees at equal 
distances apart, and in the form of a square. In the first 
attempt^ when he had finished his square^ he had 11 trees 
to spare. He then added one of these to each row^ as far as 
they would go> and found that he wanted 24 trees more to 
complete his square. How many trees were there ? 

Let X be the number in the side of the first square^ 

then x.x^ or a:" = number of trees in the whole square, 

.'. J?" + 1 1 = all the trees, by the question. 

Again^ j? + 1 = number in a side of the second square, 

.•. (j? + 1)(4: +1), or (j: +1)' — all the trees in this square 
completed> 

.". by the question^ (a: + 1)* - 24 = or* + 1 1, 

a:' + 2«+l-24 = a:»+ll, 

2ar=34, 

.-. a?=17, and a:* = 289, 

number of trees -a? + 11 = 289 + 11 =300. 



. . 



Prob. 5. A printer, reckoning the cost of printing a 
book at so much per page, made the whole book come to 
£l6. It turned out however that the book contained 
5 pages more than he reckoned, and an abatement also was 
made of 2 shillings per page. He received £l3. 10^. How 
many pages did the book contain ? 

Let X be the number of pages in the book, 
then ".• £16 = 320j. the price he first reckoned was — s. 

X 

per page, 



and '.' £l 3. 1 Os. = 270«., t\ie -piiee iot x -v 5 ^«%«^> 
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the price he received was — -s, per page, which was 2*. 

•T "T" O 

less than the former^ by the question, 

a: x+5 



+ 2, 



first divide by 2, = — V+ 1> 

^ X x-\-5 

\60x + 800 = \S5x + «* + 5ar, 

a:«-20ar = 800, 

j?"-20ar+ 100 = 900, 

ar-10 = ±S0, 

.*. j? = 10*30 = 40, or-20; 
.'. the number of pages is 40; the negative value not being 
applicable to this problem. 

Prob. 6. There are 4 consecutive numbers, of which if 
the first two be taken for the digits of a number, that number 
is the product of the other two. What are the 4 numbers ? 

Let Xy x-\-\f x + 2, a: + 3, be the 4 numbers required, . 

then lOx + a: + 1 = the number whose digits are x^ and a? + 1, 

.-. by the question, (a: + 2) (or + 3) = lOo? + a? + 1 j 

or a:*+5a: + 6 = lla:+l, 

aj*-6a?+9 = 9-5 = 4, 

.*. ir=s3*2 = 5, or 1. 
Hence the numbers required are 5, 6, 7> 8, or 1, 2, 3, 4, 
both of which results satisfy the problem, 

V 56 = 7x8, and 12 = 3x4. 

Prob. 7* Twenty persons contribute to send a donation 
of £2. %s. to the Society for Promoting Christian Knowledge, 
one half of the whole being furnished in equal portions by 
the women, and the other half by the men ; but each man 
gave a shilling more than each woman. How many were 
there of each sex, and what did each person contribute ? 

Let X be the number of women, and y the contribution 
of each, in shillings, 

.'. 20—0! = the number of men, axvd ij-v I = contribution 
ofeaph, in shillings^ 
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hence xy = whole contribution of the women, 

and (20-j:)(^ + 1)=: men, 

.% by the question, ^V = 24, ) ^ ^ , , 

J f^^ \/ ,\ «/ > to find a: and y. 
and (20-a:)(y + l) = 24,/ ^ 

From 2nd equation, 2()y + 20 — j?^ — x = 24, 

24 
substituting from 1st, 20 x — + 20 - 24 - a: = 24, 

X 

480 
or a? = 28, 

/. Jr'+28ar = 480, 

«» + 28ar + (1 4)« = 480 + 196 = 676, 

.'. a? + 14 = «fc26, 

.-. or = ±26 -14 = 12, or -40. 

And 20-« = 20-12=8, or 20 + 40 = 60. 

.. 24 24 ^ 24 . -3 

Also v = — =T^ = 2, or — -— ue. ——; 
^ X l^ • -40 5 

2 
and ^ + 1 = 3, or - . 

.'. the number of women is 12 contributing 2 shillings each) ^ 
and men .. 8 S j' 

the other values of x and y, although furnishing a solution 
of the Equations^ not belonging to this Problem. 

EXERCISES. Y. 

1. Find the two consecutive numbers whose product 
is 156. 

2. Find the three consecutive numbers whose sum is 
.'equal to the product of the first two. 

3. Divide 20 into two such parts, that one is the square 
^the other. 

4. Divide 210 into two such parts, that one is the 
'square of the other. 

5. Divide 25 into two such parts, that the sum of their 
squares shall be 313. 

r 

6. Divide SO into two such paxta, 1i\ia& ^Qca dV^erex^x^^ ^ 
their squares shall, be 300* 
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7. The product of two numbers Is 144> and if each 
number be increased by 2, their product will then be 200, 
What are the numbers? 

8. Find the number whose square exceeds the number 
itself by 156. 

9. Find the fraction which is greater than its square by ^ 

10. Two trains start at the same time to perform a 
journey of 156 miles, but one travels a mile an hour faster 
than the other and reaches the end of its journey just one 
hour before the other ; at what rate did each train travel ? 

11. A student travelled on a coach 6 miles into the 
country^ and walked back at a rate 5 miles less per hour 
than tnat of the coach. He found that he was 50 minutes 
more in returning than going. What was the speed of the 
coach? 

12. A person distributed £5 in equal portions among a 
certain number of poor men ; and another person did Uie 
same, but by giving each man a shilling less^ relieved 5 
more. What was the number of recipients in each case ? 

13. A person distributed £36 in equal portions among 
the poor of a certain place. The next year the same amount 
was distributed^ but the number of recipients was diminish- 
ed by 6, and consequently each received Is. 8d, more than 
in the year before. What was the number of recipients in 
each year ? 

14. Two travellers A and B start at the same time firom 
two places distant 180 miles to meet each other. A travelled 
6 miles per day more than B^ and B travelled as many miles 
per day as was equal to twice the number of days, befoie 
they met. How many miles did each travel per diay? 

15. The fore-wheel of a coach makes 6 revolutions more 
than the hind-wheel in going 120 yards ; but if the rim of 
each wheel were increased 1 yard^ tne fore-wheel would then 
make only 4 revolutions more than the hind-wheel in tht 
same distance. What is the circumference of each wheel? 

16. A person^ who can walk forwards four times as 
fast as he can walk backwards^ undertakes to wdk a certaiii 
distance^ and one-fourth of it backwards^ in a stated time. 
He finds that, if his speed per hour backwards were one- 
£/tb of a mile less, he must walk forwards 2 miles an boor 

£iater, to gain his object. What \a"Vvv^ «^«»i^ 



NOTE ON EQUATIONS. 

72. The rule so frequently applied to clear an Equation 
of fractions really belongs^ in most cases^ to common Arith' 
meticy rather than to Algebra; that is, in all cases where the 
denominators of the fractions are arithmetical numbers. For 
example, let the given equation be 

V, = - . d?, T = T • ^i and so on, the equation becomes 
5544' ^ 



• • 



/ 



— j? + — j?+ — or — j?= 17» 
5 4 3 2 



or 



/I 1 1 A 

vr4-*-3-2J^='^' 

17 

which is the value of x, requiring only to be simplified by 
a process purely arithmetical. 

It is not meant that this method is more easy than the 
common one; but by it a clear distinction is kept up be- 
tween common Arithmetic and Algebra ; and whatever diffi- 
culty there may be in such cases^ it is manifestly such as 
the student ought to have mastered before he commenced 
the subject of Algebra. 

73, Again^ the rule for clearing an Equation of fraC'* 
iions may often be suspended as follows* Let the given 
equation be, 

6ar-4 «-2 2a? ^ ^ , 

H 7» 5= — • to find «r« 

21 BX'-e 7 



• • 



6jr-4 6x 4 ,.^ _^ a£^ ^^ ^ f\ 4. ot\ 



^, ^. , 2a: 4 . a?-2 2« 

the equation becomes — — ~- + ^= -;r-» 

7 21 5x — u ^ 
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erasing and transposing, - — ^= — , 

21a: -42= 20a: -24, 
.*. ar = 18. 
This is a method which will often save much trouble. 

^4, It may be worth while to give here a method also 
of solving some equations of two unknown quantities, which, 
although obvious enough, seems to have entirely escaped 
the notice of writers on Algebra. It applies to such equa- 
tions especially as those in page S6; thus taking 

Ex.2. 54a:-121v = 15, ) ^ , , 

«/? m,^ ^^ > to find o: and v; 
36x- 77y = 21,J ^ 

Subtracting, 1 So: — 44^ = — 6, 

multiply by 2, S6a: - 88y = - 12, ) 
from 2nd equation, 36x - 77^ = 21, J 

subtracting, 11^ = 33^ 

.*. ^ = 3. 

And 18ar = 445(-6=lS2-6 = 126, .\ a!=7. 

This method saves all the trouble of finding the Least 
Common Multiple of 54 and 36, and is very simple through- 
out 

Take another example from p. 87> 

(16) 101a:-245( = 63,) ^ , , 

,.^o r.o ' f to find or and V. 

103a: -28^ = 29, J ^ 

Subtracting 2a: —4^ = — 34, 

, multiply by 6, 12a: - 24y = - 204, ) 
but 101a:-24^= .63,.) 

subtracting, 89-2? = 267, 

- ^ ^ 267 « 

And 4^ = 2ar-*-34 = 40, .•. y = lO. 
Ex. 57*-S7i^ = 86,) Ai,8.*=8,) 



EATIO, PROPORTION, AND VARIATION. ; 

75. Dbf. Ratio is the relation which one quantity 
)ears to another in respect of magnitude^ which relation is 
neasured by the number of times the one contains the other, 
)r by the part or parts the one is of the other, according as 
he one is greater or less than the other. Thus the Ratio of 
^ to 5 is 3, because 9 contains 3 three times; and the Ratio 
»f 3 to 9 is ^, because 3 is one third part of 9* 

Hence t will always represent the Hatio of a to 6 what- 
ever numbers a and b stand £or, because. If a7>b,j expresses 

he number qf times a contains b ; and, if a < 6, t expresses 

he part, or parts, a is of b. 

a : b is the libbreviated way of writing *' the Ratio of 

\ to b': hence a: b==-r. Similarly c : ^ = ;j • Therefore if 

I c 

r=:-^^ a : b==c : d, or the Ratio of a to 6 is equal to the 

flatio of c to d. This equality of two Ratios constitutes 
¥hat is called a ' Proportion\ It is usually written thus 

a : 6 i: c : dy 

ind is read ^a is to b as c is to d\ 

- , * . - ' 

2 4 
Thus, since -^ =^, 2 : 3 :: 4 : 6, that is, 2 bears the 

tame relation to 3 in respect of msfgnitude, which 4 does 
06; and 2, 3, 4, 6, are called proportionals, ' , 

It will be necessary, therefore, for the student constantly 
o bear in mind, with respect to Ratix) and Proportion^ these 
wo things, viz. 

1. That the measure of any Ratio a : ( is t ; 

■ a 'C 

2. That, i£a: b :: c: d, then t = t; 

o a ' 

or as soon as a ratio is converted into a, fraction^ or a pro* 
wrtion into an equation, then, of course the Rules b^ore 
riven for fractions and equations axe Vcosck!^^^^ %:^^« 
able, ' , . . 
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Ex. 1. Which is greater^ the ratio 7 : '^> or the ratio 
8 : 5? 

7 : 4 is measured by j, ] .'. 7 : 4 > or < 8 : 5 

8:5 \,\ according as ^> or <|, 

or^ (bringing the two fractions to a common denominator, 
which does not alter their value^) according as — > or <—, 

.35 32 f^ 35 32 S\ ^ . o ir 
and :^ > ;;;r , I for —-=—-+ —r ) , .-. 7 : 4 > 8 : 5. 
20 20' \ 20 20 20/* 

[^Exercises Z, 1 ... 12^ p. 125.] 

76, If the terms of a ratio be multiplied or divided by 
the same quantity, the value of the ratio is not altered. 

For \eta:b be any ratio, then 

aib^T (Art 75), and t = ""7 > (^^ 34), 

, ma y 

.\ ai b^—r = max mo* 
mo 

Conversely ii««:m5 = ^ = | = a: 6. 

Exs. 2:3 = 4:6, 5:2 = 15:6, 1:5 = 10:50. 
^Exercises Z, 13 . • . 18, p. 125.] 

77* If a : 6 :: c : d, shew that ad = he, anid the converse. 

a c 
Since o : 6 :: c : «?, r =t^ by definition o^ Proportionals, 

and multiplying these equal quantities by bd, 

-r- = --1-, (Art 38) ; but abd = b,ad, and cbd = d.bc, 

b.ad d,bc , • 

, or ad ^ be. 






6 d 

Conversely, if flre^s 6c, dividing these equal quantities hy bd^ 
ad be a c , . % , , 

53 = M» *" J " 5 (^'*' ^*^' *""•*•"'' * 

•\ a : b :: c : d. 

Hence, also, if three terms of a proportion be given, 

the fourth may be found. 

For, if a : 6 :: c : or, by what has been proved above 

1 be 

ax = oc^ •*• X 



— % 
a 
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ThaM^fhtpni^aiTkeSSM^IUUefTkr^jnAnanaedc^ 
whidi tgacheg haw to find ^iftJamrUk term of a propartiam, 
when fArer tenis are giTcn. 

7& If a : & r c : ^ dirv dm & : a n ^ : c 



nmltiplj tiieie eqoal quantities bj bd^ then fl<?= 6c, 

md he 
divide hj me, — = — , 



h d 

a e 
.\ h z a zz d z e. 

79. If a z h :: e z d, diew that a : c :: 6 : dL 

iSnoe a z h ^ e z d, X~ 5» ^^^^'^ ^^)» 

.,^^_, , 6 6a6c ah be 

or- = ^, (Art. 35), 

.*• a : c :: 6 : dL 

80. If a z h z: e I d, shew that a + 5 z h zz c-hd z d. 

Since a z h zz e z d, ^= g* (Art. 75), 

a c 

<i+6 c + d 

.*. a+h I h z: c-hd z d> 

8L If a : 6 :: c : d^ and c : d zz e : f, shew that 
h w t z f. 

Since a : ft :: c : d^ r= 1 1 

f ^^' (Art. 75). 
and V c : d :: t zf, 3= 7 J 



• • 
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82. J£ a : b :: c : dy and b : e :: d : f, shew that' 
a : e :: c :J\ 

Since a : b :; c : d, -r-nA 

and •.' b : e :: a : f, - = ^^) 
abed 

fl6 erf a c ,A^ 9k\ 

^'^ 67 = 3/^' '^'^ 7 = 7' (Art 35), 

' •'* a : e :: « :yi 
[_JExercises Z, 19...28, p. 126.] 

83. To shew that if quantities be proportional according 
to the Algebraical definition, they art proportional according 
to the Geometrical definition*^ 

Let a, by c, d represent four quantities in proportion 
according to the; Algebraical definition; then we hav6 

1 * ) J 

tn a m c t.* i • i 

.% X'T™ ""• j> multipljang equal quan* 

fn 
tities by the same quantity, — ^ 

from which it follows, by the nature of fractions, that if 
nia7>nb, then mond; u ma = nb^ then mc = nd; and if 
ma < nb, then mc < it^. And ma, mCy are any equimultiples 
whatever of the 1st and 3rd quantitjies; and nb, nd are any 
equimultiples whatever of the 2nd and 4th, since m and n 
are any whole numbers whatever,- Therefore a, b, c, d are 
proportionals also according to the Geometrical Definition* 

84. Variation. Def. Variable or Varying quantities are^ 
such as admit of various values, in the same compi^tatioiu 
Constant or invariable quantities have only one fixed value. 

One quantity is i^d to ^vary directly' as another, 
when the two quantities depend upon each odner tft such 
manner, that if one be changed, the other is changed in the 
same proportion. / 

* For the Geometrical Definition of 'PioPMfi^ioiw ««« "ErajdisL Book v« 
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Thti9> let A and B be two variable quantities mutuallj 
dependent upon each other, in such a nay, that HA is changed 
to any other value a, B becomes 6, these changes being^ such 
that A : a:: B : b; then A is said to vary directly as & 

For example^ if a man agrees to work for a certain sum 
per hour, the amount of his wages will vary directly as the 
number of hours he works; for as the hours increase or 
decrease^ so also will the wa^es^ and in the same proportion. 

N.B. It often happens Ukat two quantities are mutually 
dependent upon each other, and yet do not ' vary' as eac% 
other. They may increase or decrease together^ and yet one 
shall not *vary' as the other^ because the changes in the two 
are not proportional. For example, the side and area of a 
square are mutually dependent upon each other, so that the 
one cannot be changed without the other being changed, 
but the changes arfe itot proportional^ that i)B, when the dide 
is doubled J the area is not doubled9 it is quadrupled — wheri 
the side is trdtled, the area becomes nine times its former 
value« and so on. 

. When, it is simply stated that one quantity ^varies' sai 
another, it is always meant that the one ' varies directly' as: 
the other^ in the seiise above rgiven. The symbol oc is used 
to signify that the quahtitiea between which it i^r placed* 
* vary' as each other. 

Ex. Given that yocXy and when sc=^2y y = 20, state the 
resulting proportion. 

Here, when y is changed to 20, x is dianged to 2, 
and y OCX, 

.% y: 20 ::x : 2, or y : x :: 20 : 2, (Art 79), 

oryixiilO : 1, (Art. 76). 
85. Dto. One quantity is said to *'vary inversely' as 
another, when the one cannot be changed in any manner, 
without the reciprocal* of the other being changed in^the 
same proportion^ 

A varies inversely as 5, f which is written thus -4 oc ~ j, 

if, when A is changed to a, JB be changed to 5, such that^ 

-^ : « :: "o : r, or, multiplying the last two -terms by Bb^ 

(Art. 76), A:a::b:B. 

• By ^reeiprocar of a quantity ig meant ■ ^' , r— . Thus the rtf- 

tnat ^luanMy 

cuproeai of a is -, irhatcTer quantity a fttandft ioi% 
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For example^ if a letter-carrier has a fixed route, the time 
in which he will finish his work varies inversely as his speed. 
If he double his speedy he will go in half the time : and 
similarly^ however he may alter his speedy (provided it be 
uniform throughout the journey^ which is here supposed) 
the ^reciprocal' of the time will manifestly be altered in the 
same proportion. 

Ex. Given that t/ varies inversely as ;p, ( y oc - j , and 

when J? = 3, ^ = 1, find the resulting proportion. 

Here ^ • ^ •'• - = §* o^y • J '• ^ • g* C^^- 79)> 

1 
or y : - :: 3 : 1, (Art 76). 

86. Dbf. One quantity is said to ^ vary as two others 
jointly \ if^ when the first is changed in any manner^ the 
product of the two others is changed in the same proportion* 

A varies as B and C jointly, (which is written A oc BC)^ 
if, when A is changed to a, BC becomes hc^ such that A : a 
:: BC : be. 

For example, the wages to be received by a workman 
will vary as the number of days he has worked and the 
wages per day jointly, for if either the number of days or 
the wages per day be doubled, trebled, &c. so as to double 
or treble, &c. their product, the whole wages to be received 
for the work will likewise be doubled, or trebled, &c., that 
is, altered in the same proportion. 

Ex. Given that z oc xy^ and when x s l, and ^ = g^ js legO, 
find the resulting proportion. 

Here zi^Qii xy i 1x2, ••. zi xyix^Oi 2, (Art 79), 

or zi xy :: 10 : 1, (Art 76). 

87* Any variation may be converted into an equivalent 
equation when two corresponding values of the variable 
quantities are known. 

For, if ^ oc J?, and a, b are known corresponding values 
of A and B, then 

A \ a V. B I bf hy definition, 

.•. ^6 = flJ5, (Art.77), 

or A =T»B. 
o 

Ex. Given yocx^ and wlven x =\, y =i S^ find the equa* 

^ton between x and y\ 
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Here y : 3 :: « : 1, .•. y = 2x. (Art. 77.) 
N. B. The most ready method of treating variations is 

in general to convert them into equations. For since n = t» 

always, when AoaB, that is^ A and B cannot change value 
without retaining the same ratio, which is, therefore^ in 
each case a fixed invariable quantity, it is usual to express 
that quantity by some assumed letter as m, n, or p. Thus^ 

iiAccB, then^-=m^ or A=mB; where m = 7-, But ifl 

Jts b 

in the same computation, there occurs another variation, 

as CccDf we cannot then say 0=mDy because although 

•^=:a fixed invariable quantity, it may not be the same 

quantity as in the other variation. So that we should write 
C^nD. 

£x. Given that y oc the sum of two quantities^ one of 
which varies as x and the other as ^^^ find the corresponding 
equation. 

Here, •.• one part cc x, this =^mx,)m and n being in- 
and the other ... ocj?*, ... =w«', J variable, 

.% y = mx + no?". 

The invariable quantities m and n can only be found 
when we know two pairs of corresponding values of x andy. 

[Exercises Z, 29,. .32.] 

EXERCISES. Z. 

Find the value, or measure, of each of the following 
Ratios .*— • 



(1) Sa : I5a. 


(7) a*pc : Sacx, 


(2) 2ar : 10j?% 


(8) Sxy : Ua^y\ 


(3) ax : bx. 


(9) ac + bc : c\ 


(4) abc : be. 


(10) 2a« + a:* : wix. 


(5) axy : 2x. 


(11) l-x" : l-or. 


(Q Sahx : ^*x. 


(12) a'-6« : a + 6. 


Simplify each of the follow* 


ing Ratios : — 


(13) 5ax : 4ar. 


^ '^ 1x2x3" 2x3x4* 


(14) iQxy : 20a:'. 


(J 5) ^ax : fdx, 
(16) Sx'y : ix". 


\ (.^^-^ ''\';^«^ -•-**• 
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(19) Which is the greater 15 : I6, or I6 : 17? 

(20) Which is the greater 2ax : 3bt/y or 3a : 2by when 
J? : ^ :: 2 : 1 ? 

(21) Ifa:b::c:d, shew that 2a : 3b :: 2c : 3cf. 

(22) If a : 6 :: b : c, shew that a : c :: a" : b*. 

(23) Convert the proportion a : a + x:: a — ar : & into 
an equation. 

(24) Convert x i y :: y : 2a - x into an equation. 

(25) If a + a? : a — 0? :: 11 : 7> find the value o£a: x. 

(26) Find two numbers in the ratio of 2 : 3^ and the 
sum of which : their product :: 5 : 12. 

(27) The Isty 3rd^ and 4th terms of a proportion are 

ax. Sex. and — —, what is the 2nd term? 

a 

(28) There are two numbers in the ratio 3 : 4, and if 
each of them be increased by 5, the resulting numbers are 
in the ratio 4 : 5. What are the numbers ? 

(29) If ^ oc Xf and when x = 2, ^ = 4a^ find the equation 
between x and y. 

(30) If ^ oc -, and when a? = |, ^ = 8, find the equation 

•between x and y. 

(31) If 1 + a? oc 1 — «, shew that 1 + a?' oc or. 

(32) If 2j? + 3^ 05 4« + 5y, shew that xoay. 



ARITHMETICAL PKOGRESSION. 

88. Def. a series of quantities are In Arithmetical 
Progression, when^ taken in order^ they go on, from the first 
to thp last, either increasing or decreasing by the samejixed 
quantity, called the ^ Common Difference'. 

Thus 1, 3, 5, 7, 9> H* &c. are in J.rf7^. Prog,y because 
each 'quantity is greater than the one preceding by the com^ 
mon difference 2. 

So also 20^ IQy 13^ 17> &c. are in Arith. Prog,, because 
e^ch quantity is less than the one preceding by the common 
di/ference 1. - 

Again 2x, 4>x, 6xy 8x, &c. are m AntluPro^.^^^comimoii 
t^fference being 2x. , . . \ 
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The gemermlform of a series in Jritk, Prog, is either 

m, a-^dy a-h^dy a-k-Sd, &c 

or a, a — d, a — 2d, a — 3d, &c. ; 

iathe former the quantities go on regularly increasing, and 
in the krtter decreasing, by the fixed conamom difference d 

Qa^ Are 1, 3, ^ 7, 8, &c. in Jriih. Prog.? No, be- 
cause 3 — 1^2, and 4—5=^1, so that the quantities do not 
increase by the same quantity, i.e. by a Ccmumm Difference. 

Qm\ Are 1, 5, 9, IS, 11, &c in Aritk. Prog.? Yes, 
because 5-1=4, 9-5 = 4, 13-9 = 4, 17-13 = 4, &c 
ahewing diat the quantities increase by ncarnmon difference 4. 

89. In the general series 

a, a -I'd, a + 2d, a-hSd, Sec 

a is called the 1st term of the series, or progression, a-¥d 
the 2nd Icrsi, a + 2</the3rd, and 80on« Hencea + (a— 1)</ 
is the Jt*^ ierm, where n stands for any whole number; for, 

if *«1, lstterm = a + (l-l>f=a, 

.. ji = 2, 2ndterm = a + (2-iy = a + </, 

.. n = S, 3rdterm = a + (3-iy = a + 2rf; 

and so on; sodiata + (a-iy truly represents the a^ term, 
whatever nmnber u be. 

Similarly, a — {n — l)d represents the a^ term of the 
tkcreasing series a, a—d, a — 2d, &c. 

90. In any series of terms in Jriik. Prog, we can find 
any proposed term independently of the rest, if we know 
the nrst term and the common difference. For a and d being 
known, a + ()i-l)Jis known for any giroi value of ». 

Ex. 1. Find the 50th term in the series 1, 5, 9, 13, 
17, &c/ 

Here a = l, if = 4, and 9i = 50, therefore substituting 
these values In a + {n—V^d^ 

the term required =1 -I- (50- l)x4 = 1 + 200-4 = 197. 

{Exercises Za, l..,3, p. 131.] 

91. It is plain that we could find the sum of any num- 
ber of quantities in Arith. Prog, by adding them together 
in the ordinary way ; but wh«i the number of terms is 
•large this method would be found inconvenient. The fill- 
lowing Rule win give ns die sum mcyte Tead^^ m ^2^ ^9^^d&^ 
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Rule. Tojind the sum of a series of quantities in Arith 
Prog,, add together thejlrst and last terms, and multiply half 
this sum bu the number of terms, or the whole sum by half the 
number of terms, if more convenient. 

Thus to find the sum of the first 5 terms of the series 
1, 5, 9, 13, 17, &c. : 

1 is the 1st term, 17 is the last, their sum is 18, half 
this is 9, which multiplied by 5, the number of terms, gives 
45, for the sum of the series. That this is correct, appears 
by taking the sum 1 + 5 + 9 + 13 + 17. 

If it were required to find the sum of 100 terms of the 
same series, we must first find the last term, that is, the 
100th, this is 

1 + (lOO- l)x4, by Art. 90, 

or 1 + 400 - 4, that is, 397. 

Then the sum required = ^(1 + 397) x 100. 

= 199x100 = 19900. 

92. To prove the Rule generally. 

Since a, a-^d, a + 2c?, a + Sd, ..../, where I stands for 
the last term, will represent any series of quantities increa&r 
ing in Arith. Pros, by the common difference d^ let s be the 
sum of the quantities, then 

* = a + a + J + a + 2fl? + fl + 3fl? + &c.... + /I 

Now since the terms go on regularly increasing by the 
quantity d^ the term next before /, will be l—d, and the 
term before that l—^d, and so on; therefore reversing the 
series, which cannot alter the sum, we have also 

j=/+/— J+/-2rf+&c. + + a + ^ + a, 

adding this to the former, we have 

2* = a + / + a + /+a + / + &c. a -hi being repeated 
as many times as there are terms in the series ; 

.*. 2j = » times a + /, or n x (a + /), if n be the number of 
terms, and 

.% * = |«(a + Z). 

Also, if the series be decreasing^ the same result will be 
obtained, merely changing the sign of ^ in the above ope* 
ration from + to — , and from — 1» +. 

^Exercises Zo, 4 . . .\4s, ^, \^\ r\ 
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93. Having given two quantities a and 6, find another^ x, 
so tbat a, x, h, shall be in Arith, Prog. (The middle quan- 
tity, Xy is called ^ the Arithmetic Mean* between a and o.) 

Since a, x, b, are in Arith. Prog, by the supposition, 
x—a = the Cowi. D(/f. Also 6 — a? = the Com. X)j/f. 

.'. x—a = b—Xf 
transposing, 2ar = a + 6, 

/I + 6 



d?= 



Hence it appears, that the Arithmetic Mean between any 
two quantities is half the sum of the quantities. 

Ex. 1. The Arith. Mean between 6 and 20 is ^(6 + 20), 
or 13 ; that is, 6, IS, 20 are in Arith. Prog.^ as they plaiiJy 
are. 

Ex. 2. The Arith.. Mean, between a + b, and a — b, is 
^(a + 6 + fl — 6), or a, that is, 

a + b, Oy a — by are in Arith. Prog. 

^Exercises Za, 15... 17, p." 132.] 

94. Having given two quantities a and b, find two 
others x and ^, such that a, Xy y, b, shall be in Arith. Prog. 
(This is called inserting two Arith. Means between a and b). 

Since a, x, y\ b are in Arith. Prog, by the supposition, 

byArt93, ar = ^,] ^ . , . ^ „ ^ 

2 1 two simple equations for nnd- 

, x-¥b\ ingirand^. 

V. 

From 1st 2x = a+y, buty=- , 

.% 2a? = fl + — — , 

4ar = 2a + a? + 6, 
3« = 2a + 6, 
2a + 6 



• • 



d?=s 



- , ^ 4a + 2b a ^9.1 

Alsoj^=2;p-<^=— ^^ — --.a = — ^ 
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Hence a, — — , — - — , 6, are m Anth. Prog, 

yy, .- .. Za + h b-a a-h2b 2a-\-b b^a 
Verification. — ^ ^ = "1~' ~~3 S~""~3~* 

,, a + 26 b — a 

and o ss . 

3 3 ' 

shewing that the quantities a, x, y, b, increase by a common 

difference — - — , that is, are in Arilh, Prog. 

95. The same thing may be done more easily in an- 
other way, thus : Let the quantities be a, a +x^ a + 2x, 6, 
where x is the common difference which remains to be found. 

Here the com. diff, x^b — (a + 2 or), 

or ar = 6 — a — 2a*, 
3j: = 6 — a, 
b—a 



X 



3 



And the means a + x, a + 2x, are .•. a-h—^-, a + -^-r — -^ 

2a + 6 a + 26 , « 
or — - — , — - — , as before. 
3 3 

By the latter method any number of Ariih, Means may 
be inserted between two quantities. 

Ex. 1. Find the Aritk. Mean between -, and -. 

4 2 

The required Mean = 1(1 + 1) = lx| = | , 

that is, 7 , - , - , are in Arith. Prog. 

1 II 

Ex. 2. Insert two Arith. Means between - and -^. 

3 o 

Let X be the unknown com, diff, ; then the series is 

11 1 ^ 11 



( 
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.'. -^" "" ( Q + 2j? j = com. diffi = jr, 
9 

.'. the required means are « + 5 » ^^^ "i "*" ^* 
that is^ ^y and 1^. 

Hence -, ^, Ij, -^, are in -/if r«7A. Prog. 

[]J5arercwe* Za, 18... 25.] 

EXERCISES. Za. 

Find the 15th, and the 20th^ terms in each of the follow- 
ing series :— 

(1) 1, 6, 11, &c 

(2) 16, 15, 14, &c. 

(3) i f. 1. &c. 

Find the sum of 20 terms of each of the following 
series : — 

(4) 1, 3, 5, 7, &c. 

(5) 5, 8, 11, 14, &c. 

(6) 100, 110, 120, &c. 

(7) 100, 97, 94^ &c. 

(8) 15, 11, 7, &c. 

(9) i, I, 1, &c. 

(10) IS, 12|, l^, &c. 

(1 1) How many strolces does a clock make in 12 hours, 
which strikes the hours only? Calculate this without 
siting. 

(12) If a labourer were hired for a year to receive a 
farthing the first day, a halfpenny the second, three far- 
things the third, and so on, excluding Sundays ; what wouldL 
his wages amount to for the yeax^ XiA ^\vdX niq>SS.^V^ 
receive for the 25ih week ? 
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(13) A certain debt was discharged in 25 weeks^ by 

f)aying 2 shillings the Ist week, 5 shillings the 2nd, 8 shil- 
ings the 3rd, and so on. What was the amount of the 
debt ? 

(14) How far does a person travel in gathering up 200 
stones placed in a straight; line at intervals of 2 feet from 
each other; supposing that he fetches each stone singly 
and deposits it in a basket, which is in the same line pro- 
duced 20 yards distant from the nearest stone, and that he 
starts from the basket ? 

(15) Find the Aritk. Mean between -r and - . 

4 9 

(16) Find the Arith, Mean between 1 + jr, and 1 -a?. 

(17) Find the Arith, Mean between -, and -• 

(18) Insert 2 Arith, Means between 5 and 14. 

(19) Insert 3 Arith, Means between 1 and 3. 

(20) Insert 4 Arith, Means between 100 and SO. \ 

(21) There is a series of terms in Arith, Prog, of which 
the sum of the first two terms is 2^, and the 4th term is 2|. 
What is the series ? ' 

(22) In the series 1, 3, 5, 7> 9, &c, the sum of 2 terms 
is 2^ the sum of 3 terms is 3% of 4 terms 4', and so on ; 
prove that this is true generally, viz. that the sum of n terms 

* 9 

IS w*. 

(23) The first and last of 40 numbers in Arith, Prog, 
are 1^, and 1|; what are the intervening terms? And 
what is the sum of the whole series? 

(24) An insolvent tradesman agreed to pay a certain 
debt by weekly instalments, beginning with 5s, and in- 
creasing by Ss, every week. His last payment was £l5. 2i. 
For how many weeks did he pay, and what was the whol? 
amount of his debt? 

(25) It is shewn in treatises on Dynamics, that a heavy 
body, falling from rest and unobstructed, passes through a 
gpace of 16^ feet nearly in the 1st second of time, but after* 

wards in each succeeding secoivd %%\ i^^ mote than in (he 
second immediately preceding. "Spvi a\keaN'^\i«A^i€i^^^ 
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the car of a balloon and it was ascertained to have been 
exactly 20 seconds before it struck the earth. What was 
the heif^ht of the balloon^ supposing the resistance of the air 
not worth reckoning ? 
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96. Def. a series of quantities are in Geometrical 
Progression when, taken in order, they go on, from first to 
last, increasing or decreasing in the same fixed Ratio, that 
is, by a common multiplier. 

This multiplier is called the Common Ratio, and may be 
either whole or fractional. 

Thus, 1, 2, 4, 8, 16, &c. are in Geom. Prog, because each 
quantity is twice as great as the one preceding. 

So also l6, 8, 4, 2, 1 are in Geom, Prog, because each 
quantity is halfss great as the one preceding. 

In die first series the Common Ratio is 2, in the second ^. 
In any series of this kind the Common Ratio is found by 
dividing a«y term by the one preceding ; and if every term 
divided by the preceding one do not give the same quotient 
the series is fiot in Geom. Prog. 

£x. I. To find the Common Ratio in the series 1, 3, 9, 

27, &c. 

3 
Here Common Ratio = - , or 3. 

Ex. 2. To find the Common Ratio in the series 1 1, 3, 6, 
12, &C. 

Here the Common Ratio =: ~ , or 2. In this case it is 

more convenient to divide the third term by the one pre- 
ceding, than the 2nd by the 1st 

113 
Ex. 3. Are - , - , and - in Geom. Prog. ; and if so, 

3 2 4 

what is the Common Ratio ? 

rj 113 J 3 1 3 
Here--.-=-,and-^- = -, 

therefore the quantities are in Geom. Prog., and the Com- 

3 
mon Ratio is ~ • 

2 

[^Exercises Z6, 1 . . .9, -p , \^1 r\ 
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97. The general form of a series in Geom* Prog, is 

a, ar, ar^, ar^, &c. 
where each term is r times the preceding one, r being 
either whole or fractional. The »*^ term is manifestly ar"^^, 
because 

the 2nd is ar^, 

. . , Srd . . . ar*, 

. • . 4th . . . ar^y 

and so on ; the index of the power of r being always less by 

1 than the number which marks the position of the term. 

98. In any series of terms in Geom, Prog, we can find 
any proposed term independently of the rest, if we know 
the 1st term and the Common Ratio. For a and r being 
known flr"~* is known for any given value of w. 

Ex. 1. Find the 8th term in the series 1, 3, 9, 27> &c. 

Here a = 1, r^S, and » = 8, therefore substituting these 
values in «r^\ the term required = 1 x 3*^= 2187- 

The sum of a series of terms in Geom. Prog.^ like the 
sum of any other quantities, may be found by adding them 
together — but, when the number of the terms is large, the 
following article will furnish a method of summing the 
series which is more generally applied : — 

99. To Jind the sum of any number of quantities in 
Geom. Prog. 

Let a, b, c, rf, &c. k, I, be n quantities in Geom. Prog., 
and let r be the Com. Ratio; then, by definition, 

c = br, 
d^cr, 
&c. = &C. 
l^kr, 

.: b + c + d-\- &c. + / = (a + i + c + &c. + Ar)r, 

or, if s be the sum required, •.• b + c + 8ic, + l is the whole 
series except the 1st term, and a + 6 + c + &c. + k the whole 
series except the last term, 

S'-a = (s- l)r, 

= rs^rly 

.'. (r— l)j = r/ — fl, 

rl-a 
.'. s^ ~ • 
r — 1 

Bjr substituting in this foxmxxVa \Vv^ ^\NeTv n^\3l«& o€a^ /, 
Jind r, for any proposed series, tlve sxxxn. s \a iavwi^% 
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Ex. Find the sum of the series 1> 2^ 4^ 8^ &c. 1024. 

Here fl = l, / = 1024, r = 2, 

2x1024-1 ^,^,^ 

.-. s = — ^ — ^ 2047. 

2 — 1 

That this is the correct sum of the series may be verified 
by actually adding together 1, 2, 4, 8, l6, 32, 64, 128, 256, 
512, 1024. 

^Exercises Zb, 10... 13, p. 137.] 

100. Having given two quantities a and 6, fiiid another 
s, so that a, x, b, shall be in Geom^ Prog, (The middle 
quantity x is called the Geometric Mean between a and b). 

Since «, x, 6, are in Geom. Frog.^ by the supposition^^ 

— = Com. Ratio = - , 
a jp' 

.•. x'=^ab, 

and x = Jab. 

Hence it appears that the Geom. Mean between any two 
quantities is the square root of their product. 

Ex. 1. The Geometric Mean between l6 and 64 is 

Jl6x6i or ^1024 or 32; that is, 16, 32, 64 are in Geom. 
Prog., as they plainly are. 



£x. 2. The Geom. Mean between ^, and 



b , lab 
a V 2?'a 



or */r, or 1 ; that is, j-, 1, -, are in Gewn. Prog. 

^Exercises Z6, 14, 15, p. 137.] 

101. Having given two quantities a and i&, find two 
others, x and ^, such that a, or, ^, b are in Geom. Prog. 
This is called inserting two Geometric Means between a 
and b. ^ 

Let r be the unknown Com. Ratio, 

then x^ar^ 



y^xr, 



, by definition. 



b^yr,] 
From 2nd equation yr = a?r*, multiplying by r, 

.'. xr^ = b. 
From 1st equation arr* = ar^^ m\x\tvg\^\w^\i^ i^ ^ 
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a' 
/. r = 

Hence « = «y -, and j^ = d:r=a^^-j, 

102. The same thing may be done more easily as 
fi)llows :— 

Let a, ar, ar^^ i, be the quantities^ r being the unknown 
Common Ratio, to be found. 

Then, the Common Ratio, or r, = -—j, (Art, Q6f) 
••. r' = - , multiplying by r". 

And the means are a . a/ - , and a f . / - ) , as before. 

By this latter method any number of Geometric Means 
may be inserted between two given quantities. 

1 3 

Ex. 1. Find the Geometric Mean between ~ and -7. 

Required mean - ,y|x| = ^i = i • 
Ex. 2. Insert two Geometric Means between - and 3. 

y 

Let » be the Common Ratio; then the series is 

y 

.', the means are - x 3, and - x 3% 

that is, -, and 1. 
\ExeTcises Zb^ 16...23,] 
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' EXERCISES. Zb. 

Find the ^ Common Rath* in each of the following 
leries in Geom. Prog, ;— 

(1) 100, 20a, 400, &c* 

(2) ^, 5, 10, &C. 

(3) |, 1, 5, &c. 

(5) |>5^|>&c- 

(6) 0-1, 001, 0001, &c 

(7) 1-55, 2-5, 5, &c. 

(8) aor, 2a'a;, 4a°x, &c* 

(9) ;,-p-,-p-, &c 

(10) The first two terms of a series in Geom, Prog, 
ire -, and 1, what are the next two terms? 

(11) The first two terms of a series in Geom. Prog, are 
125, and 25^ what are the 6th and 7th terms ? 

(12) Find the sum of 5 terms of a series in Geom. Prog. 
)f which the 1st term is ~ , and^he 5th is 9. 

(13) Find the sum of 4 terms of a series in Geom. Prog. 

(14) Find the Geom. Mean between SO, and 7^. 

IS 

(15) Find the Geom. Mean between -, and -. 

(16) Insert two Geom. Means between 5, and S20* 

(17) Insert two Geom. Means between 1, and - . 

o 

(IS) Insert three Geom. Means between 6, and 486. 
(19) Insert three Geom. Means between 100, and 2^* 
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(20) Which is greater the Arith. Mean, or the Geom. 
Mean, between 1 and - ? and how much greater ? 

if 

X 

(21) Are -, or, xy in Geon^, Prog.} and if so, what is 
the ' Common Ratio' ? 

(22) A series of terms are in Geom. Prog, ; the sum of 
the first two is 1^, and the sum of the next two ib 12. Find 
the series. 

(23) A farmer sowed a peck of wheat, and used the 
whole produce for seed the following year, the produce of 
this 2nd year again for seed the Srd year, and the produce 
of this again for the 4th year. He then sells his stock after 
harvest, and finds that he has 12656^ bushels to dispose of. 
Supposing the increase to have been always in the same 
proportion to the seed sown, what was the annual increase ? 
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FIRST SERIES. 

What are the * terms' of a quantity in Algebra ? What 
are the terms in each of the following quantities ? 

(1) ^.ah-^-xy, (2) mx-^na^, (3) a* + 6*-2a6. 

(4) What is the coefficient or cqfactor of x in 2**? 

(5) What is the coefficient of x in 5 + a; ? 

(6) What is the coefficient of 6 in 36 ? 

(7) Do abc, hac, cha^ all mean the same thing ? 

(8) What is the quantity made up of the factors 3, x, 
m'^ and n? 

(9) What is the quantity made up of the factors ax, 
Zhy, and z} 

Find the value of each of the following quantities when 
fl = 4, & = 6, andar=— 2:— 

(10) 2fl6-jr, (11) 2fl"-i» + a?«, (12) ax'-^hx. 

(IS) What is an ^ Index ' of a quantity ? Which is the 
iudej; in the quantity 3a* ; and o£ -NfYkaX \& \\. xSaa isidez? 
Express 3a* in words. 
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2 J?' — ax 1 

(14) Find the value of — ^ i,-, when a =2, and 5?=--. 

(15) Find the value of — 7-7 -^ , when a = 3, 6 =- 2, 

^ ^ 4fl(36c--4a) 

r = — 4. 

(16) Multiply 2a - 3* by 2a + 3b. 

(17) Multiply S»i + « by 3m -n. 

(18) Multiply 4fl» + 3ab + 2b' by 2b' - 4a' - 3a6. 

(19) Multiply 3a* by 5a', and the product again by 7a*. 

(20) Multiply a"+* by 2a, and the product again by a""". 

(21) Multiply ma^fi" by nafe. 

(22) Shew that a + 6 multiplied by a — b is equal to 
a'-r-h', and express this result in words. 

Verify the result when a = 10, and 6 = 8. 

(23) Shew that a + b squared is equal to a* + 6' + 2ab, 
and express this result in words. 

Verify the result when a = 10, and b = 8, 

(24) Divide I5c^x^y by 3ax*y, and the quotient again 
by 5ax. 

(25) Divide 105a*a?- 140aV by 35a''x. 

(26) Divide 8aj?-46car+ 18ar'^ by 2x. 

(27) Divide bGa"" + 189 by 28a« - 42a + 63. 

(2 8) Divide 46* - 1 6a* - 24a"6 - 9a'b' by 4a« + 3al + 2b'. 

(29) Divide Qa"^ - Qa^'b + b' by 3a* - b. 

(30) Split up into its simple factors 48a'6x^ 

(31) Split up into simple factors iQx'tf* and 2%axy; and 
find the g.c.m. of the two (quantities. 

(32) Find the g.c.m. of 9a'6c, 2a*6', and Tabc. 
{33) Find the g.c.m. of a* -a?*, and (a + «)*. 

(34) What are ihe factors of a' + 6' + 2a6 ? 

(35) What are the/ac/or* of a" - 6» ? 

(36) What are the/ac/or* of 4a^ - a» ? 

(37) What are the factors of 1 6a'b' - gar* ? 

(38) Find the l.c.m. of a, 2a, 4a, and 6a. 

(39) Find the LX.i^. of 4a;, 5t/, Sxg, axA a^*- 
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(40) Find the l.c.m. of Sa'*, Saa^, and 8*'. 

(41) What does -i — j , become^ when a = b=—c} 

(42) Simplify l— a7 + - . 

X "T" *P 

(43) Simplify 1 - 2x +^ • 

(44) Simplify — (a — x), 

3 

Reduce to lowest terms :— 

(47) One factor ofaj* + 2«-3isa?-l, find the other. 

(48) One factor of ar* + 7* + 12 is x + 3, find the other. 

(49) Two factors of j?' — 7j? + 6 are a: - 1 , and x — 2, find 
the other. . 

(50) Add together T , ^> and-r* 

(51) Add together , , and 



a- X a — or a — j? 



(52) Add together , and — 

Tl ^ X II + 

^ + 7 4f — " ^ 

(53) From - — - subtract ;; . 

(54) From — - subtract . 

^ ^ a-1 a+1 

{55) Multiply ^ by a -1. 

(56) Multiply ~+| by II . 

(57) Multiply g^^-^ by -^ . 

(58) DivideJ + fbyJ-f. 

(59) Divide x-^by^£^^ 



(60) Dividei^+:rz.-.^by^-^. 



a 1 

» 3 
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Sa' 3a 4 

Simplify 

(61) a?-(a-df). 

(62) 9-2fl-(3-5fl> 

(63) ax~a{x-a{x^ a)}. 
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(64) 1-1{1 -1(1-4^)}. 



(65) li-J{3a+6-|(3fl-3)}. 



n 



(66) - (2a-« - 1 . 6), when a = 4, 6 •= 7> and « = 1 1. 

(67) What is meant by an * Equation' 9 Is ar + a? = 2ar 
an ' Equation' ? If not, what is it ? 

(68) What is meant by * Solving' an ' Equation' ? What 
is the ^ Solution' of the equation j? + 10 :;b 20 ? 

Solve the following equations :— 



3 



4 



iTO) o*-fi« = 5i-^ar. 



2 8 



2 



(71) f *? = ^-f 



(72) S(ar + 5)=.4(51-«). 

(73) 52-5(2ar-l) = 27. 



(75) I (5* -7)- 1 (4* -9) = 4 



7« + 4 4x - 1 
— 4 7—" 

4« + 27 9«-J2 



5 (80 - «). 

9(4* -6) 



= 24 



(76) 

(77) 
(78) 
(79) |*-i(*-2) = j{*-|(2i-*)}-5(*-5). 



F-(-^-T-> 



(80) 
(81) 



2" 3^ ' 4> 
2j? + 3 , gJT - 2 

4 5 

2j? - 3 _ 4j? - 5 
3j:-4'"6jr-7* 



= 6i- 
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(83) 



3-^4 *' 



7^ + 4a: = 584>i 



(84) 



1 1 1 



(85) 



6(a?+^)-3(a:-5() = S9, 
2ar « . 



} 



4a; 



15 



y^i^ 



5' 



(86) 1 + 1 = 2. 

4 3 ^1 
- + - = 2i2, 

X y 

(87) 4?^ = 2,1 



8a-5 



= 9, 



(88) l^-i'"!. 
8j: + -5^ = 4i, 

(89) fj' + l'-JT,- 



(90) Two-thirds of a certain number of persons re- 
ceived 1^. 6d, each, and one-third received 2^. 6d. each; 
the whole sum distributed was £,2. lbs., what was the 
number of persons? 

(91) I have 3^ times as many shillings as half-crowns, 
and altogether my money amounts to 4 guineas* How 
many of each coin have I ? 

(92) Divide 17 into two such parts that one of them 
shall contain the other 17 times exactly. 

(93) Divide the decimal fraction 0*03 into two others, 
which differ from each other by 0*003. 

(94) A travels at a certain rate : had he gone half a 
mile per hour faster, he would have done the journey in 
four-fifths of the time ; whereas had he gone half a mile 
per hour slower, he would have been 2^ hours longer on 
the road. What distance did he go? And at what speed? 

(^g5) At what time after 3 o'clock are the hour and 
minute hands of a watch together ? 

(96) A wine-merchant has two sorts of wine, one of 
irbich he sells at 3^., and the other at Is. Sd» per quart 
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He wishes to have a mixture of the two amounting to 50 

auarts^ which he may sell at 2^. 6d, per quarts and make 
lie same profit. How much of each sort must he take? 

(97) The rent of a farm is paid in wheat and barley. 
When wheat is at 55s. per quarter^ and barley at 33s,, the 
portions of rent for wheat and barley are equal ; but when 
wheat is at 65s, and barley at 41^. the whole rent is increased 
by £7. What is the corn-rent ? 

(98) A certain number of sovereigns, shillings^ and 
sixpences together amount to £8. 6s, 6d. in value; and the 
value of the shillings is less by a guinea than that of the 
sovereigns, and greater by a guinea and a half than that of 
the sixpences. How many of each coin were there ? 

(99) A sum of money is divided in equal portions 
among a number of persons : if there had been 5 persons 
more, each would have received 1^. 9^ less: and if there 
had been 3 fewer, each would have received 1^. 9d, more. 
What was the sum divided? And what, was the number 
of persons? 

(100) Find the number which increased by 2 is con- 
tained exactly as many times in 30, as the same number 
diminished by 1 is contained in 15. 
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SECOJND SERIES. 

^The following Examples and Problems are for the most part not 
origmid, but selected from College Examination Papers and various other 
quarters.] 

Simplify the following algebraical expressions :— 

(1) (2c - 3r)x - ((? - l)x '^(c-'2r)X'' x. 

(2) {q - 6)ar* - (g + b) a?" + 3ha^ - 2jr'. 

(S) (a - Zp)x* + (a + 2p)«'- {p-a)ji^-'a^. 

(4) Is it correct to make ——y equal to — y ? 
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(5) Is it correct to make equal to ? 

(6) What is the value of ls^ql — w^y when a=6=- 

(7) From 2(fl + 5)-S(c-(Q subtract a+ft-4((?-( 

(8) From (a + 5)a? + (6 + c)y subtract (a- b)x" (b - « 

(9) From 6ar — r- subtract 5| . a: — -^ . 

y X ^ X + 5 , 5«c — 15 

(10) From 77 -r subtract -7-7 -^ . 

^ ^ 4(d:-l) 4(«-l) 

w It* 

(11) Add together and 



(12) Multiply I + ^ by 6. 



« + l « + l 

2 • S 



(13) Divide l+d?byi + l. 

(14) Divide a* + 4>h* by a*- 2a6 + 2b'. 

(15) Divide 7^ + a:- 5a:* -So?* by l-^r. 

a' 5* 

(16) Divide a + 6 + -J by a + 5 + - . 

(17) Divide a-i(a-§6) by J-iCa + |6). 

(18) Multiply a? + l+-by ar-l+-, 

X X 

(19) Divide a* — 4 by a - - . 

(20) Square ^x — . 

X 

(21) Find the product of 

(aar + a* + a:*) (jp - a) (a:* - flo: + a*) (a + d?). 

(22) Divide a-b by Ja-Jl. 

(23) Add together i-f^^^ and i.|^^. 
^ ^ ^ * 2j? - Sy ^ 2x + 3y 

/nA\ c r/*^ *(*+l)(^ + 2) x(x + l)(2x + l\ 

(24) Simplify -^—^^^ -^ - 1x2x3 ^ 
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Find the values of the unknown quantities in the fol- 
lowing equations :— 



15 



30 

a? + 2 

128 

3jr - 4 "" 5j; - 6 * 
4,2x 35x 



216 



d?-2 
3 



x-S 
x + 3 

4 



(25) 
(26) 

(27) 
(28) 

(29) 
(30) 

^ ^ d? + 3^ar + 6~ar + 9' 

(32) i{3^-K*-i)}=a*-i- 

d?-3 j?--4_14 — *r 
"2j""'6i 5— 



3 ^3 g/^^^^^ 
x+1 \x+3j' 



4 



(34) 
(35) 



2a?- 1 2dP + l ^ 
2ar + l 2a;- 1 

48 165 



x + 3 a? + 10 
a?-l 



-5. 



(36) 3(0; -i) 

(37) ^^• 



a? + 2 
1 



= 5. 
4 



(38) 



l-8x l-2a? 5x-l 
12 3 



(33) 
(43) 



^-■a 4 — 07 2 + d:' 

7o? + l ^SO fx-i \ 
6i-3x'' 3 V-f/* 

(39) i(or-l)(o:-2)=2i(j?-2|). 

(40) K^+3)(2o:-5)=6K2o:-^> 

(41) ^<^-^J=g. 



(42) 



jr*-f-3ar°+6 

ar'+o: — 4 



=«*+2a? + 15. 



130? + 135^ = 374, ) 
123a? + 308^ = 1600,/ 



(44) llo?+19j^ = 101,) 
29x - 37^ - 5, J 

(45) 56x + 278 = 47(o? + j^), ) 
28j^ + 832 = 17Gi?-5^)J 

(46) 2x + Sj^=2K*+j^),) 
3(a?+y) = 5(o?-5^),J 

(47) 5(i;i?-l)=|(y+l)-i, I 
i(y-5) = SK2|-,»,/ 



(48) 



« + 2 



(49) 



(50) 




(51) - + a? + o?^ = 13. 



1 



Vi 
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(52) A pile is one-fifth of its whole length in the earth, 
three-sevenths of its length in the water^ and 13 feet out of 
the water, what is the length of the pile ? 

(53) One third of a ship belongs to A, and one-fifth 
to Bf and A's part is worth £1000. more than J5's. What 
is the value of the ship ? 

(54) In a company of 90 persons, men, women, and 
children, there are 4 more men than women, and 10 more 
children than men and women put together. How many 
are there of each ? 

(55) A person is now 40 years old, and his son 9 years. 
In how many years will the father, who is now more than 
4 times as old, be only twice as old, as his son ? 

(56) Two carpenters A and B received £5. 17*- for 
work done, A having worked 15, and J9 14, days ; and A's 
wages for 4 days exceeded B's for 3 days by 11^. What did 
each receive per day ? 

(57) Seven horses and four cows consume a stack of 
hay in 10 days, and two horses can eat it alone in 40 d^ys; 
in how many days will one cow be able to eat it ? 

(58) A person was asked to state the ages of himself, 
of his father, and of his grandfather. He replied, ^ My age 
and my father's amount together to 56 years, mine and iHy 
grandfather's to 80 years, and my father's and grandfathers 
to 100 years. What was the age of each ? 

(59) A boy spends 5s, in apples and oranges, buying 
the former at o a penny, and the latter at 4 a penny. He 
afterwards sold two-thirds of his apples and half his oranges 
for 3s. taking only cost price. How many of each fruit did 
he buy? 

(60) A wine-merchant has 4 dozen bottles of wine of 
a superior quality, which he must sell at 4 guineas a dozen, 
to make the necessary profit. But to get rid of it the sooner, 
he mixes with it just so much of an inferior wine worth 
24*. per dozen as will enable him honestly to sell the mixed 
wine at 54*. per dozen, and obtain the same profit upon the 
superior wine. How much of the inferior wine is used? 

(61) Divide the number n into two parts, so that one 
sbsll be n times as great as the other. 
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(62) A person was about to relieve a certain number 
of poor persons by giving them 2s. 6d. each, but found he 
had not money enough in his pocket by 3s. He then gave 
•them 2s. each^ and had 4iS, to spare at last How much 
money had he^ and how many persons did he relieve ? 

(63) A hare is started at a distance equal to 50 of its 
own leaps before a greyhound^ and takes 4 leaps to the 
greyhound's 3 ; but 2 of the greyhound's leaps cover as much 
ground as 3 of the hare's. How many leaps will the grey- 
hound take to catch the hare ? 

(64) A father leaves to his children a certain sum which 
is to be divided as follows : — The oldest is to receive £100, 
and the. 10th part of the remainder : the second is to have 
£200, and the 10th part of what then remains : the third 
£300, and the 10th part of the remainder; and so on, to 
the last. Now it is found that all the children have, bv this 
complicated scheme, received exactly the same sum. What 
was the whole fortune, and the number of children ? 

(65) A certain waggon has a mechanical contrivance 
which marks the difference of the number of revolutions 
of the fore and hind wheels in any journey. The rim of 
each fore- wheel is 5\ feet, and of each hind- wheel 7J feet : 
find the distance travelled when the fore- wheel has made 
exactly 2000 revolutions more than the hind- wheel. 

(66) A person has a certain number of sovereigns which 
he tries to arrange in the form of a square, placing them as 
jclose together as possible on the table. At the first trial he 
had 130 sovereigns over ; but when he enlarged the side of 
the square by 3 sovereigns, he had only 31 over. How 
many sovereigns had he ? 

(67) A farmer bought a certain number of sheep for 
'J694 : He lost 7 of them, and sold one-fourth of the re- 
mainder at prime cost for £20. How many did he buy ? 

(68) In three drawers there is altogether a sum of 
£162. In order that each drawer may contain the same, 
I take out of the first to put into each of the other two the 
half of what each already contained. I then take out of the 
second, and afterwards out of the third, and each time put 
into the two other drawers half of what each already con- 
tained. I have thus attained my object. How much wad 
in each drawer at first? •. - / ^ 
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(69) A person bought a quantity of cloth for £l2. 
he had bought one yard less for the same money it woi 
have cost 1*. a yard more. How many yards did he buj 

(70) Divide 100 into two parts, so that the difference 
their squares shall be 400. 

.62 . i 

(71) The sum of two fractions is ^ , their difference ^ 

the sum of their numerators is 8, and that of their denoc 
nators is I6. What are the fractions ? 

(72) A traveller set out from a certain place, and wc 
1 mile the 1st day^ 3 the 2nd, 5 the next, and so on> i 
creasing by 2 miles every day. After he had been go 
3 days, another sets out from the same place on the sai 
road^ and goes 12 miles the 1st day^ 13 the 2nd^ and so c 
In how many days will the latter overtake the former ? 

(73) The numbers of boys in the 3 classes of a sch( 
were as the numbers, 5, 7, 8. At the next inspection t 
1st class was found increased by 4 boys^ the 2nd had gain 
two-sevenths of its former number^ the 3rd was doubled, 
and the whole number of additional scholars was 94. Wl 
were the numbers in the classes at the 1st inspection? 

(74) If the interest of the National Debt be reckon 
30 millions sterling per annum, and 3 per cent, the avera 
rate of interest paid, what reduction in the rate of intert 
would give the same relief to taxation as the paying off 2 
millions of debt, and allowing the interest paid on the i 
mainder to continue the same ? 

(75) The Specific Gravity of silver is 10|, that of co 
per 9, and a certain compound of the two is found to be 
Specific Gravity 10^. What quantity of each metal is the 
in 148 lbs. of the mixture? 

(76) If a : 6 :: 6 : c, and h : c :: c i d, shew d 
fl : d :: a* : 6' ; and that a + 6 : 6 + c :: 6 + (? : c + J. 

(77) If Qx-^a : 4a?- 6 :: 3x-^b : 2x + a^ find x. 

(78) 1£ a : h :: c : d, shew that 

a : a + b :: a + c : a + b+c-hd. 

(79) Divide 20 into 3 parts, such that the ratio of tl 
first two shall be 2 : 5, and that of the last two 5 : 3. 

(80) Find two numbers in the ratio 1^ : Qi, and sue 
that when each number is increased by 15^ they shall 1 

In the ratio If : 2^. 



I 
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(81) A quantity of milk is increased by water in the 
ratio of 4 : 5, and then 3 gallons are sold ; the rest being 
mixed with S quarts of water/ is increased in the ratio of 

6 : 7- How many gallons of milk were there at first? 

(82) Given that the solid content of a globe varies as 
the cube of its diameter, what ratio does the content of a 
globe whose diameter is 4 inches bear to that of one whose 
diameter is 8 inches ? 

(83) Given that the illumination fi'om a source of light 
varies inversely/ as the square of the distance, how much 
farther from a candle must a book, which is now 8 inches 
o^ be removed, so as to get half as much light? 

(84) Given that the content of a cylinder varies as its 
height and the square of its diameter jointly^ compare the 
contents of two cylinders, one of which is twice as high as 
the other, but with only halfix» diameter. 

(85) Jf a servant agree with his master to receive, for 
his wages, a farthing for the Ist month, a penny for the 
2nd, four pence for the 3rd, and so on ; what will 12 months* 
wages amount %<>} 

{^6) Distribute 250 policemen among 4 towns in pro^ 
portion, to their respective populations, which are 5300, 
2940, 680, and 1870. 

(87) Two globes of metal, whose diameters are 6 in. and 

7 in., are melted down and together formed into a single 
globe ; what is the diameter of the new globe ? (See 82.) 

(88) On the 1st of Jan. 1799* a poor man received from 
A as many groats as A was years old, and a similar gift each 
January for. the iseven years following, in the last of which 
A died, his alms to the poor man having amounted in all to 

^^j jB7. 18*. 8 A What was A's age when he died? And in 

^j . what year was he bom ? 



ANSWERS TO THE EXERCISES. 



(1) 
(2) 

(3) 

(4) 



20. 

6. 

14. 

a 



(IS) 3a. 

(14) Gab. 

(15) 6fl. 



(21) 30. 

(22) 10. 

(23) 9. 



EXERCISES. A. 

(5) 13. 

(6) 35. 

(7) 62. 

(8) 10. 



(9) 
(10) 

(n) 

(12) 



39. 
62. 

0. 

2. 



(l6) 2, 2b, bxy 3bx, m, ax, pa 



(17) 5. 

(18) 11. 



(24) 3. 

(25) 1. 

(26) 23. 

(27) 14. 



(19) 12. 

(20) 7. 

(28) li. 

(29) S. 

(30) m + n 



0) 

(2) 
(3) 
(4) 
(5) 



18. 

0. 

114. 

657. 
0. 



(17) 2. 

(18) 8. 



EXERCISES. B. 

(6) 49l. 

(7) 23. 

(8) wi+81n-64p. 

(9) 2. 

(10) 6. 

(11) 25. 



(19) 20. 

(20) 6. 



(12) 
(13) 
(14) 
(15) 

(16) 



1. 

4. 
2. 
1. 



(21) 1. 



ANSWERS TO THE EXERCISES. 
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(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 
(10) 

(11) 
(12) 

(13) 

(14) 

(15) 



(1) 

(2) 

(3) 
(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 



2a + 26. 

2a. 

2a -26. 

2a« 

2a + 2c. 

2 -hm + H. 

7wi— 1. 

4a7y+4ar. 

j» - g + 8. 

Gab - 6(?. 

Soar + 26y. 

5a — 56 + 5(?. 

4a:^ — or — 4. 

3q-2p+pq, 

2p' + 2g'. 



a — 6 + or. 
26 -2(?. 
5a — 3c. 

8a- 76. 

J?-^-9^- 

ao: + 26^ — 2c. 

6c — 2a6 + 2a. 

2a?'. 

ay + 5ar* + 5^*. 

mn + 4»i — 4«. 



EXERCISES C. 

(16) 8a6 + ac - 1. 

(17) 4ar + Sff. 

(18) 2 + 5a. 

(19) 2a + 6c. 

(20) 3a* + a6 - 26«. 

(21) 6-5x. 

(22) 2ac + 26rf. 

(23) 2aj: - 26^. 

(24) 5a^if — 3axy - a*ar + a:*. 

(25) »tn + m — « + 1. 

(26) 3z - 2j^. 

(27) 2jj" + 2a». 

(28) a« + 6« + c', 

(29) a;* + xy+y + »ia? + «^. 

(30) -iarf+ i6rf-crf + ^a6-ac. 



EXERCISES. D. 



(11) xy-\-3mx. 

(12) 3a6c - 3a6 - 2ac- 1. 

(13) 6« + 3c«. 

(14) 2aj: - 2a» - 2 jr». 

(15) 2a«6 + 3a'c + ^c*. , 

(16) 2a?^ + a-l. 

(17) Jaar-ary + l. 

(18) ia + |-6-|c. 

(19) 45, and 15> years. 

(20) I, and J. 



(1) ahxy. 

(2) — 3mnp, 

(3) - 8aa|y. 



EXERCISES. £. 

Boxy. 

ahc. 

Stn'np. 



(4) 
(5) 

(6) 



(7) 8w + 3«-Sp. 

(8) apx + bpa^, 

(9) 2a'd + 4Mbd. 



l52 

(10) 

(") 

(12) 
(13) 

(17) 
(18) 

(19) 
(20) 

(21) 

(22) 



ANSVTEBS TO THE KXKUCISBS. 



(32) 

(3?) 
(84) 

(35) 

(36) 



(1) 
(2) 

(3) 
(4) 



- S« + 6«fla? - gnbaf, 

- 4<a6a: + 6acx — lOArfar. 



(14) 14ar»j^-21a?. 

(15) 4taa^yz + 9,hxy^z- ^cxyz^ 

(16) 2a'6y - i'ary + bdy. 



ab + ba + ay + xy. 
6x*-2a:-4. 
a^-a7-12. 
6j?*-19ar+10. 
l-x'. 
a-Sa^ + Qx^ 



(23) 2aar' + 2bxy - aary ^ 6y . 

(24) fl'-aar-Oar". 

(25) 353?* - 33df + 4. 

(2Q Saory - 1 26y ' - 6ax^ + 95x^ 
(27) 2»t + « — 4m';i — 2fw«*. 
a'c - abc^ - a^b^ + b^c. 






(28) 

(29) J?-y + 2ar'+ar^-S/. 

(30) ab+bx — by — ay — xy +y'. 

(31) 2aV - Sabc + 6»(? + 2a'rf - a6(f. 



Saj* + 27. 
l6 + 4a:'+d?\ 



(37) dr*-81. 

(38) 4aV-96y. 

(39) 4a*-9aV + 6a6» 

(40) fl'*^- 1. 



-6*. 



J?. 

7. 
7x, 

a. 



(13) SC-2W. 

(14) 2(?-M. 

(19) a: + l. 

(20) c + J« 

(21) 3-6. 

(22) 2a - 5x. 

(SO) 
(31) 



EXERCISES. F. 

(5) 3a?. 

(6) a. 

(7) -ay. 

(8) -ay. 

(15) -4a? + Sy. 

(16) l + 8a(?-26c. 



(9) 
(10) 

(11) 
(12) 



"Sa. 
2axy. 
— 14njr. 

2^07. 



(17) -2aa?+46+l. 

(18) a'^5bx+6a^' 



(23) a + 2. 

(24) 2ab. 

(25) 3x - 5. 

(26) So:*- a? + 2. 
ax*- 6a?*- a'dp + aAo? + a' — a*6. 
I6x*- 24a?*+ 36j?'-54a: + 81. 



(27) a-6-c. 

(28) 5a''+3x'. 

(29) i>'g+4pg«+25'. 



(1) 4. 

(2) 25. 
(S) 20. 

(4) x. 

(5) ix«. 



(1) 
(2) 
(3) 
(4) 



168. 
240. 

168. 



0) f • 



(2) 

(3) 
(4) 



9,b.^ 
ibx 

bx 



« ^■ 
P) 2^. 

6dp-4 

•^^^ — • 
7- 

10j:-2 



(5) 
(6) 



ANSWERS TO THE EXEBCISE& 




EXERCISES. 


G. 








(6) ajt)*. 




(11) 


axy 




(7) 5abx. 

(8) Sa*6». 




(12) 


2 
5^- 




(9) 9a*b'c\ 




(13) 


i/. 




(10) 7m^;). 




(14) 


JT. 
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EXERCISES. 

(5) 2520. 

(6) 42504. 

(7) abx. 

(8) 2axy. 



H. 



(5) ^. 



(6) 
(7) 
(8) 



26* ■• 

m— « 

mit 

2a: -rS 



21 



(7) '• 



(9) 
(10) 

(") 

r 

(12) 



bc+2c+3 



abc 
19.r-23 
6 

84a -23 
12 



(9) 
(10) 

(11) 
(12) 



EXERCISES. I. 



(9) 
(10) 

(11) 
(12) 



EXERCISES. J. 



(13) 
(14) 
(15) 



24«. 
abc, 
ZxY- 
bi^d?. 



2a + 8 

26 + 1 

Sa-2a: 
2a -So:* 

m — n + p 



54jr-13 
50 

62. 
15a?* 

41 



(. , 



2qy- 



^'wv bcx+acy+abs 
^ , abc 

(17) ^5^. 

(18) a 
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09) 

(20) 
(21) 
(22) 
(23) 



10* 

X 

1 

2' 

j? + 5 
8 



AJNSWEBS TO THE EXERCISES* 

4a? + l6 



10 



3j? 

y 

(4) 2ar, 

(5) 2a -2a?. 

(6) 28ar. 

(7) 8dr. 



(1) 
(2) 
(3) 



(21) 
(22) 
(23) 



X 

Sx 
20 
« 
8' 



(24) 
(25) 
(26) 

(27) 
(28) 



* + l 

2 

X 

2^* + ^? 
jc*4-3a? + 2 
5jr-f 35 

42 • 
17j?-34 
~50~- 



(29) 
(30) 
(31) 
(32) 



acx 



b'+bcx' 

1 

l + a:"+2a?' 
4)xy 



EXERCISES. K. 

(8) 9a? -15. 

(9) 60 + 45X. 

(10) 16-I4ar. 

(11) 72* + 156. 

(12) 4a? -2. 

(13) 6« + 8. 

(14) 3X'5. 



(15) lO-or. 

(17) «•. 

(18) ^-:f' 

(19) 4. 



(24) 
(25) 
(26) 
(87) 



Sx 

4y* 

m 

P' 

i-2.y 

1 + 2& 



(20) «*+y-p-^- 



(^B) f . 

(89) -?. 



(30) 



3 
2a«* 
"ST 



(31) 



«'+2 + -,. 



(32) y + - + 2. 



(33) 



l-««' 
C^4) 1. 



(85) 

(36) 

(37) 
(38) 



»i*-3w+2 

6 
3 16' 1 o^ 
4'*'2*? 2*6*" 
ab. 



mat TiT 

/«^x 2X + 1 




(43) - 


1 








(44) 


1 




(«) ^• 




(45) f 


6 • 




m *-^- . 




W ^ 


,* + <W? 4 

;* — fl* 4 


■x' 




EXERCISES. L. 




(1) ac. 

(2) 4-a?, 


(8) ax^ + ba^. 

(9) 6-5x. 


(15) 


5- 

A 


(3) 4ar. 

(4) 2fl*-26». 

(5) 7 + 5x. 

<^) 2-2" 


(10) 1-ar. 

(11) 5a -3c. 

(12) a*. 

(13) 1 - af*. 


(16) 

(17) 

(18) 
(19) 


^ • 

a 

24- a? 

l-x«- 

1. 

jr*4-ar. 


(7) *. 


(14) X. 


(20) 


4a;*-ar*. 




EXERCISES. M. 




(1) x=^6. 


(13) 0? = 1. 


(25) 


ar = 7. 


(2) a?=l. 


(14) x = i. 


(26) 


a: = 14. 


(3) ar«6. 


(15) a? = 4. 


(27) 


dr = 60. 


(4) x = S. 


(16) «=12- 


(28) 


d: = 84. 


(5) a? = 3. 


(17) a? = 9. 


(29) 


x = 35. 


(6) ar = 4. 


(18) « = 7. 


(30) 


« = 5. 


(7) « = 2. 


(19) x=.10. 


(31) 


a? =7. 


(8) 0? = 1. 


(20) x = 30. 


(32) 


ar = 2. 


(9) a? = 10. 


(21) « = 5. 


(33) 


x = 9. 


(10) x = S. 


(22) a? = 5. 


(34) 


ar = 7- 


(11) a? = 5. 


(23) « = 7. 


(35) 


a? = 4. 


(12) or = 12. 


(24) « = 7. 


(36) 


ar=;8. 
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09) 

(20) 
(21) 
(22) 
(23) 



10* 

X 

1 

a? + 5 
"8""- 

10 



ANSWERS TO THE EXERCISES* 
4^ + 16 



(1) 

(2) 

(3) 
(4) 

(5) 

(6) 
(7) 



Sx 

y 

Sx. 
5x 

2ar, 

2a - 2x. 

2Sx. 

Sx. 



(21) 3 
(22) 

(23) 



X 

2' 
Sx 
20 

X 



(24) 



x + 1 



(2^) i- 



(26) 

(27) 
(28) 



2^-\-x 

5jr-f 35 

42 • 
17* -34 
50 



(29) 
(SO) 
(31) 
(32) 



acx 



b'+bcx' 

1 

l-ha^+2x' 

4)xy 



EXERCISES. K. 



(8) 9«-15. 

(9) 60+45«. 

(10) 16-I4ar. 

(11) 72a? + 156. 

(12) 4a? -2. 

(13) &P + 8* 

(14) Sx-S. 



m 



(24) |. 



(25) 
(26) 
(87) 



1-gy 

1 + 26 



(15) 10-0?. 

(16) f . 

(17) «*. 

(18) ^^ 

(20) «'+y-p-^- 
W) -f . 



(80) 



2a«* 
"ST 



(31) 
(32) 

(S3) 
CS4) 



«' + 2 + -,. 
jr 

1 -> 

« + - + 2. 



l-«»* 
J. 



(35) 



7w*-S»i + 2 



6 

,.^. 3^1 6« la' 
^^^^ 4^2-?""2-p' 
(37) ab. 

(^«) TO- 



IKBWEBS TO THE EXERCISBS. 



m 

(40) 
(41) 
(42) 



2a? + 1 



a?-2 
4 — a? 



(1) 


ac. 


(2) 


4-x 


(3) 


4ar. 


(4) 


2fl* - 26". 


(5) 


7 + 5ar. 


/'fi^ 


5a . 3d; 


(^; 


2 2 ' 


(7^ 


6. 



(1) ar = 6. 

(2) a? = l. 

(3) ar«6. 

(4) 0? = 8. 

(5) 0? = S. 

(6) ar = 4. 

(7) x^Z. 

(8) 0? = 1. 

(9) « = 10. 

(10) a? = 8. 

(11) a? = 5. 

(12) or = 12. 



(43) 


1 


(44) 


1 

x 


(45) 


h • 


(46) 


a* ■¥ ax-¥ x' 



155 



EXERCISES. L. 
(8) ax^-hba^. 

(9) e-sx. 

(10) 1-ar. 

(11) 5a -Sc. 

(12) a*. 
1-af*. 



(13) 
(14) X. 



(15) 


a 


(16) 


h 

a 


(17) 


2+« 
l-^»* 


(18) 


1. 


(19) 


jr* + x. 


(20) 


4a:' -or*. 



EXERCISES. M. 

(13) 0? = 1. 

(14) g = i . 

(15) a? = 4. 

(16) «=12- 

(17) a? = 9. 

(18) x = 7. 

(19) x=.10. 

(20) a? = 30. 

(21) a? = 5. 

(22) a? = 5. 

(23) or = 7. 

(24) ar = 7. 



a? 

X 
X 



(25) 
(26) 

(27) 

(28) X 

(29) « 
(30) 
(31) 

(32) X 

(33) « 
(34) 
(35) 
(36) 



ar 
a? 



X 
X 

X' 



7. 

14. 

60. 

= 84. 
= S5. 
= 5. 
= 7. 
= 2. 

= 9. 

7- 
4. 
8. 



— +- 
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(1) or = 5. 

(2) a? = 5. 

(3) x^l 

(4) X = 10. 



ANSWERS TO THE EXERCISER 

EXERCISES. N, 
(5) ^ = 6^. 



(1) X 

(2) ^ = 



4. 

1 

6' 

1^ 

20 



(6) ^ = 4|. 

(7) a? = 3. 

(8) a;-7. 



(9) ^ 

(10) or 

(11) x 

(12) a? 



14. 
8. 

7. 
2. 



EXERCISES. O. 



(5) or =18. 

(6) x = 8. 

(7) ar = 8. 



(8) Of 

(9) ^ 

(10) or 

(11) a: 



8. 

12, 

1 



= 2. 



0) 


16. 


(2) 


12. 


(3) 


18. 


(4) 


60. 


(5) 


10. 


(6) 


10, and 30. 


(7) 


10|,andl4». 


(8) 


H, and SJ. 


(9) 


6f. 6d; 5». 6d., 


(1) *=12,) 
If = 5. / 


(2) « = ia,) 



(17) |. 

4fS. 6d., and 3^. Gef. 



o«) f • 



EXERCISES. P. 

(10) 5, 6i, 9, and 12^, feet 

(11) 8, and 16. 

(12) 8. 

(13) 8, and 40. 

(14) 24, and6,yrs. 

(15) 35,36,and71. 

(16) 44, and 36. 



(19) 240. 

(20) 27n«i-befoi 

(21) 27nna. past 

(22) 2 miles. 

(23) ^mHes. 

(24) 22, 7, 12, gj 

(25) SsA^d.,ls.i 



EXERCISES. Q. 

(5) *=1,) 
^ = 2./ 



(3) * = 

(4) X 



zt} 



(6) « = 



(7) 



« = 7. ) 

y = 10. / 

:t:\ 






(8) « = 



« = 2,) 



(9) X 

3 

(10) « 

1 
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(12) 



(1) 
(2) 

(3) 

(4) 

(5) 



X =5,\ 



(13) x = 



« = 10, ) 



(U) x = 



x = 5,\ 



(15) x = 6, 
y = 10 



.} 



(16) « = 3, ) 
^=10./ 

(17) x = S, 



X = 3, \ 



(18) 



y 



(19) ar=8 
Jf = 9 






(20) X 



-.1] 



(1) X 

y 

(2) X 

y 

(3) « 

(4) X 

y 






EXERCISES. R> 

(5) « = 4, ) 
y = 21.; 



(6) * = 



a? = 144, ) 
5, = 216./ 



(7) * = 



«=114, ) 

y = 77. / 



(8) * = 



« = 40, \ 
y = l6./ 



(9) « 
(10) X 

y 

(11) * 

(12) X 

y 



= 5,) 
= 9./ 

= 13,) 

=8. ; 

= 7, ) 
= 10./ 



EXERCISES. S. 



22, and 26. 
£15, and £S5. 
24 men, 20 women. 
15 men, 22 women. 

7 
13* 



(6^ \. 

(7) 14, and 6. 

(8) 12, and 18. 

(9) 11, and 5, gall. 
(10) A.D.1752. 



(1) 25aV. 

(2) ^Bcfa^if. 

(3) 49aW. 

(4) a'V(?. 

(5) ^Qa^h<f. 



(6) 



EXERCISES. 
(7) 4ji^- 



T. 



(9) 
(10) 

(H) 



l6a«i» 
49«y 

9«>* 
4««"* 

16 
85a*i»c«* 
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ANSWERS TO THE EXERCISES. 



(12) flVl+2fl. 

(13) fl»6»+l + 2flft. 

(14) a!'+9-h6x. 

(15) 4+y-4y. 

(16) 4m'+n"— 4m«. 

(17) >P»+9y-12arj^. 

(18) j:' + 2--pa?. 



(19) ^+^ + 3x. 

(20) ?w*a:*+»'+2»inar. 

(21) 4wV+ »'— 4mnx. 

(22) a"6 V + c* + 2a6cj:. 

(23) 9a:y + a*- 6fla;^. 

(24) ia»ft»+c»+a5c. 



EXERCISES. U. 



(1) Qab. 




(9) 


2a -5. 


(2) 3x^. 


(10) 


3a? +1. 


(3) 10//6V. 


(6) i- — . 


(11) 


a? + |. 


^^> 26- 


(7) 1-x. 

(8) 2a? +1. 


(12) 
(21) 


1 
d? — . 
or 


(13) a?'- 12a? +36. 


(17) ^"-* + ^- 




(14) a?«-14a?+49. 


(18) ^.f .±. 


(22) 


^ §"*■ 144- 


121 

(15) a?«+lU+^. 


('^> *'-?-49- 


(23) 


a ^« 9 
'^'4-^64- 


(16) a?»+2a?+l. 


(20) «•+!*+ /g. 


(24) 


10 400 




EXERCISES. V. 




(1) x = d.6. 


(5) « = *2. 


(9) 


d?=± — . 
2 


(2) a? = ±4. 


(6) 4=*5. 


(10) 


x=«fc2. 


(3) a? = ±l. 


(7) «=±5. 


(11) 


a? = ±2. 


(4) .a? = ±4. 

• 


(8) «=±3. 

• 


(12) 


*=li. orl. 



(1) * 

(2) X 

(3) * 

(4) X 



(5) 
(6) 



ANSWERS TO THE EXERCIBE8, 
EXERCISES. W. 

5, or -2. 
4, or 1. 
8, org. 
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X 



20, or- 6, 
2, or 10. 
2. 

(7) a: = 6, or 1. 
6, or -5. 
1^, or -2, 
6, or-4|. 
6, or-lO^. 



(8) 

(9) ^ 
(10) ^ 

01) 



x = 



X — 



(12) **=^. or^. 



x = 



(IS) 

(14) ar 
(15) 

(16) X 

(17) * 

(18) X 

(19) a? 

(20) 0? 



x = 



2 

3, or -3, 

6, or - 10^. 
6, or - 5|. 

11 15 
= !*> or . 

^' 22 

1, org. 

2|, or -2. 

11 5 

li, or-g* 

2, or - 1-J-. 



(21) a? = 2, or -If. 

(22) or = 4, or -2. 



(23) 4r = 7, or-1. 

3 

(24) ar = l|, or - li 

(25) * = 1, or-lj. 

(26) a? = 2, or -3. 
(27)^ = 2, or ±. 

(28) x = 2, or-1, 

(29) or =16, or -20. 
(SO) ar=ll, or -13. 

(31) x^3, or-|. 

o 

(32) ar = 4, or - If. 

(33) « = 7, or - If. 

(34) « - 5, or 1^. 

(35) * = 3, or - 3. 
(86) « = 9, or-?^. 

(37) * = 1, or - If 

(38) « = 2, or 4^ 

(39) *=8, orl^. 

(40) « = 16, or -14. 



(1) X 

(2) X 



= *4,) 
= ±2J 

= *8, ) 
= ±10. j 



EXERCISES. X. 

(3) X 

y 

(4) * 
^^ = 3^, or 



= ±12,) 
= =p3. J 



8, 6t-3\A 
-8, J 
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(5) * 



.ANSWERS TO THE SXERCISBS; 



2'°'4' 



(9) « = 2, or-I» 



y=^ 



(6) * = 

(7) * = 

(8) * = 



1, or - 12, ) 
111. f 




(10) 



y = S,or-„j.3 
* =s 3, or 2 

^ = 2, or 3 



- 1,-3- I 



(11) *= 




9 = 



5, 01- -9i,) 
3, or -54-. I 



(12) 



*=7,or-_. 
y = 6, or-1. 



(1) 12, and 13. 

(2) 3,4^5. 

(3) 4, and l6. 

(4) 14, and I96. 

(5) 12, and 13. 

(6) 20, and 10. 

(7) 8, and 18. 

(8) IS. 

(9) J. 



EXERCISES. Y. 

(10) 13, and 12, miles 

per hour. 

(11) 9 miles per hour. 

(12) 25, and 20. 

(13) 54, and 48, 

(14) 18, and 12, miles. 

(15) 4, and 5, yards. 

(16) 4 miles per hour for- 
wards, and 1 ^^le back- 
wards. 



(1) f 
.<4) f. 



EXERCISES. 
(5) 



Z. 



ay 
2" 






(9) 
(10) 

(11) 

(12) 



a + b 
c 

2a -^x 
m 

1 • 



ANSWERS TO THE EXERCISES. 



(13) 5a : 4. 

(14) 4^ : 5x. 

(19) 16 : 17. 

(20) 3a : 26. 
(23) a'-a^=ab. 



(15) 2a : 3b. 

(16) 8j^ : a;. 



(24) f^9.ax-a^. 

(25) 9 : 2. 

(26) 4, and 6. 

(27) 2hy. 



(17) 
(18) 
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28j? : 5^. 
(n-l)ar: 2a. 



(28) 15, and 20. 

(29) y = 2aa?. 

(30) ^ = ^. 



EXERCISES. Za. 
(1) 71, and QQ. \ (2) 2, and - 3. | (3) 5, and 6|. 



(4) 

(5) 
(6) 
(7) 

(15) 



400. 
67Q. 
3900. 
1430. 

13 

72* 



(8) - 460. 

(9) 57i. 

(10) 196|. 

(11) 78. 



(16) 1. 



(18) 8,11. 

(19) li,2,2i. 

(20) 96,92,88,84. 



(21) 1, li, 2, 9.\. 

(23) l^,li^,&c. 

and 60. 



(12) £51.S*.9iei. 
and 3s. \\d. 

(13) £47. 10*. 

(14) 19g miles. 



(17) 5 (a + 5). 



(24) 100, and 

£767. 10*. 

(25) \\ miles. 









EXERCISES. Z6. 






(1) 


2. 






(5) 


2 




(7) 


2. 


(2) 


2. 






3- 




(8) 


2a. 


(3) 


3. 
1 






(6) 


01, or ^ . 




(9) 


n 
r 


(4) 


2- 
8, J 


Mid 9. 










-. 




(10) 






(12) 1 


94 
3^ 




(11) 


1 


, and 


1 




(13) .4S. 






\ / 


25 




12 


5 













w 
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(14) 
(15) 



ANSWERS TO THE EXERCISES* 



15. 
] 

(16) 20,80. 
1 1 
2' 4* 



(17) i 7 



(18) 18,54,162. 

(19) 40, 16, 6|.. 

(20) The former. 



(21) Yes. 1/. 

(22) i,l,S,9,&c 

(23) 15 times. 



MISCELLANEOUS EXEKCISES. 



FIRST SERIES. 



(1) 2ab, and xy, 

(2) mXy and nx^, 

(3) a*,6»,and2aft. 

(4) 2x. 

(5) 1. 

(6) 6. 



(7) 

(8) 

(9) 

(10) 

(11) 
(12) 



Yes. 

Sm'nx, 

9.ahxyz, 

50. 

0. 

28. 



(13) 4, the index 

of fl. 

(15) 6. 



(16) 


4a* -96* 


> 


(18) 


46*-9a"J' 


r 

(20) 2a*'. 


(17) 


9»i'-n». 




- 


-24a'ft^l6a\ 


(21) mna'^'b'^K 




a*. 




(19) 


105a". 




(24) 


(26) 


4a-26c+9ary. 


(28) 25"-Sa6-4a«. 


(25) 


3a-4jr. 

• 

2x2x3x 


(27) 
4f>iaabxxx, 


2a + S. 


(29) Sa"+ b. 


(30) 


» 


(35) a H 


- ft, and a — 6. 


(31) 


2x2x2> 


iZxxyyyy, 




(S6) 2a? + a, and 2a? - a. 




2x2x7aa?y. 




(37) 4flft + 3x, and 4a6 - Sjt. 




G. C M. 


4«y. 




(38) 12fl. 


(32) 


ah. 






(39) 60xf. 


(33) 


a-¥x. 






(40) 24aV, 


(34) 


a + 5, anda + 


fr. 









(41) 
(42) 

(43) 



a. 



ANSWERS TO THE EXERCISES. 

2a + 6j? 
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1 +a? 

l-x 
1 + J? 



(44) 
(45) 
(46) 



3 
ah 
m — p 



(47) a? + 3. 

(48) 07 + 4. 

(49) x + 3. 



(^^) ro6- 



(61) 2j?-a. 

(62) 6+ 3a. 



4a 



{55) fl + 1. 
/c^N 2a* a 



(57) 



a — 3x 
2ax 



(58) 



ay-¥hx 
ay-^hx 






(63) c^x-d". 

(64) I -a;. 



(«5) -S- 
(66) -341. 



(67) No. An Identity. 


(72) « = 27. 




(77) « = 9. 


(68) «=10. 




(73) « = 3. 




(78) « = 7. 


(69) « = 12. 




(74) * = i. 




(79) « = 7. 


(70)' « = 6. 
(71) «-l. 




(75) «=.5. 

(76) ar=l6. 




(80) « = 1. 

(81) «-l. 


(82) x = 6,\ 
y=8.; 


(85 


) * = 25, » 
y= 5. f 


(88) « = 1, 


(83) « = 48, ) 
^ = 56. / 


(86) «-3, ) 
y=4. / 


•"^s- J 


(84) « = 4, ) 

^=3. ; 


(87 


) *=4, I 
y=7. / 


(89 


) «=10, ) 

.y=i6. ; 
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(90) 
(91) 

(92) 
(93) 
(94) 

(95) 



ANSWERS TO THE EXEBGISBSa 



30. 

14 half-crowns^ and 
49 shillings. 

I6ig, and is* 

00165, and 00135. 

15 miles, and 2 miles 
per hour. 

I6n niin. past 3. 



(96) 311 quarts of the best, 
and 18| of the other. 

(97) 6 qrs. of wheat; 10 qrs. 
of barley. 

(98) 4 sov., 59 sh., and 55 six- 
pences. 

(99) 5 guineas; number of 
persons 15. 

1(100) 4. 



MISCELLANEOUS EXERCISES. 

SECOND SERIES. 



(1) 


— rx. 


(10) 


5 — x 




(18) 


'a? + \ + l. 


(2) 


(J-2)«». 


X # 


a?- 1 




^ ^ 


*^ 


(3) 


(3a -p -!)«•. 


(") 


n. 




(19) 


s 1 1 


(4) 


No, 


(12) 


5x, 






a a 
x' 1 


(5) 


Yes. 


(IS) 


X. 




(20) 




(6) 


Sa + 1 


(14) 


a* + 2aft+26*. 


(21) 


x'-a'. 


6 

1 J 


(15) 


*l» ■" /Mt + *F. 


(22) 


Ja + Jb, 


(7) 
(8) 


2bx + 2bif, 


(16) 


6' 




(23) 


4it»+9v' 
4*'-9y 


(9) 


1 ^ 
j; = 4. 


(17) 
(31) 


3b-2a* 




(24) 
(37) 


ar(«+l) 


(25) 


ar=-4|. 


ft 

x = 2, or 4i3 • 


(26) 


a? = 12. 


(32) 


a? = 6f 




(38) 


4.3 
or = 2, or ^-. 


(27) 
(28) 


a = 8. 


(33) 


« = 72T- 




{S9) 


87 
« = 4, or 3^. 


^ .— . — . % 


3 


(34) 


x^^i^. 1 


(40) 


xssS, or 6io» 


(29) 


* = --. 

2 


(35) 


•r = 5, or 


5f. 


(41) 


3a a 
*= ^ , or g. 


(SO) 


*--. 


(36) 


a? =2, or- 


-If 


(42) 


«=2, or-2f,. 
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(43) ic 

y 

(44) X 

y 

(45) X 

y 



= 131,) 
= 31. J 



8 
2 

4, 
3. 



(46) a? 

y 

(47) ^ 

(48) X 

y 



16, 
4. 



5 

6, 
14 



} 

.} 



(49) ^ = 7, I 
j^ = 12./ 

(50) or = 11,) 

« = ± 3, ) 
y = S, orj./ 



(51) « = 



(52) 35 feet 

Xb^;) £7500, 

(54) 22, 18, 50. 

[55) 22. 

(60) 4 dozen. 



w' 



, and 



n 



(61) „^,,— „^, 

«+ 1 » + 1 

(62) 32^. and 14. 

(63) 300. 

(64) £8100, and 9. 

(65) 7i miles, 100 yards. 

(66) 355. 

(67) 47. 

(68) £70, £52, £40. 



(77) ^=j^^ 

(79) 4, 10, 6. 

(80) 27, 48. 

(81) 6. 

(82) 1:8. 



(56) A 5s., B 3s. 

(57) 320. 

(58) 18, 38, 62. 

(59) 216 apples, Q6 oranges. 



m 


16. 


(70) 


52, and 48. 




3 5 


(71) 


7' 9* 


(72) 


2, or 9, days. 


(73) 


15, 21, 24. 


(74) 


Prom 3 to 2-5- per cent 


(75) 


112lbs. silver, ) 



copper. 



(83) 3-3137 inches. 

(84) 1 : 2. 

(85) £5825. 8^. 5\d. 

(86) 123, 68, 16, 43. 

(87) 8-24 in, nearly. 

(88) 63 years, a.d. 1742. 



THE END. 
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A NEW ENGLISH GRAMMAR. 

The Elements of Grammar Taught in English ; with 

Questions. By the Rev. Edwabd Thbino, M. A., Fellow of King's CoUegei^ 
Cambridge. 18mo. cloth, price 2s, 

PREFACE. 

This little Work is strictly intended for teachers and learners. The effbrt 
has been to lay down the broad, beaten, every-day path, carefolly avoiding 
digressions into the bye-ways and eccentricities of language. For my ob- 
ject was not to make a complete Grammar, or a History of Language, which 
is useless for learners, but to teach Grammar up to a certain point, steadily 
keeping in mind the class of persons for whom the work is intended. If 
any one will take the trouble to follow in order the course marked out for 
him, he will certainly know in time the main principles and practice of 
Grammar; the matter being reduced to a mere question of time, and not 
of intelligence. And this is no visionary prospect: this work took its 
rise from questionings in National Schools, and the whole of the first part 
is merely the writing out in order the answers to questions which have been 
used already with success. There can be no doubt that in our Classical 
Schools also the average attainments would be much greater, if the lower 
classes were grounded on English Grammar, and taught to compare Latin 
and Greek with English, to decide in all discrepancies which method of 
speech is most natural, that is, most in accordance with the original object 
of communicating thought, and also to explain, when the natural arrange- 
ment is not followed, how the gain in clearness or emphasis of that arrange- 
ment would be more than counterbalanced by the loss in some other way. 
There is no subject which does not become interesting when thus hinged 
on to common life and common practice. At all events if this little Book 
shall enable any to test their ground, and give an intelligent account of 
their work, my object is gained, and I gladly leave to others the more 
ambitious walks of Philology. The path of the beginner is thorny enough; 
to clear a part of that will be no mean satisfaction to any one who sympift- 
thises with those who have but little time, and desire to make the best use 
of it. 

A Review in the Speotatob of October 4, 1851— 4ay8, 
** This booh is an ExposiHonal Essay on the Nature of Grammar ; taking 
the English language as the theme of the Exposition, and throwing the mat^ 
ter into the form of an Elementary School Booh. And a very able book it 
is, both in substance and form, Mr. Hiring has seized the essential prin- 
ciples of Grammar as contained in speech and the ideas about which we 
speak. He has exhibited these principles primarily and more fidly in 
English Grammar, but Ulustraled them by occasional references to other 
languages. He has managed to do this by means of leading rules in large 
type, with explcmations or questions in smaller, without deporixiu^ ftvnw ^^^ 



fMXKMT of a first Edueationai Book, In this exposition Mr, ^hring only 
aims at teaching the broad principles of the language, leqcing refinements 
and exceptions to a more advanced stage; and he suggests that the progress 
should he slow, the teacher reiterating each lesson in various forms until the 
idea is thoroughly impressed^* 

A Beyiew in the Christian Times of October 17, 1851. 

** We hone no hesitation in sayvng, that it is one of the cleverest and hap- 
piest productions upon one of the very, if not the very, hardest subject in the 
range of human science. Its advantage is, that the cold skeleton of Grammar 
is clothed with plumpness and positive attraction. The har$h rules are con- 
verted into agreeable directions, and propounded and expounded in the same 
page, so that there is no rule, which, though puzzling enough in its arid for- 
muke, as seen in a naked statement, is not illustrated and made thoroughly 
intelligible at the foot of the page. It is, in truth, a genuine contbibution 
TO THE WANTS OF THE AGE. The Booky wc are sure, is tke product of no 
common man. We speak feelingly : for we are amongst those who know 
something of the cephalalgia of trying to teach Grammar vnthout grammati" 
eal ideas,'* 

A Beyiew in the Guabdian of October 29, 1851. 
^Is a very clever and sdent^ little Book,** 



Lately Published. 
Demosthenes* Oration on the Crown. The Greek Text, 

with English notes by B. Dbake, M.A. Fellow of King's College. Crown 
Svo. clotk 5s. 

<* Usefd Notes,** Guabdian. 

** WUl enable the Student to read tJie original with comparative ease,** 
LiTEBABT Gazette. 

**A neat and useful edition,** Athenjiuh. 
The Oration on the Grown, literally translated into English, 

by Key. J. F. I^obbis, Fellow of Trinity College, Cambridge, and one of 
her Majesty's Inspectors of Schools. Crown 8to. 3s, 

** The best translation we remember to hone seen,** Litebabt Gazette. 

^'Very accurate,** Guabdian. 
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JUVENAL. 

Chiefly from the Text of Jahn. "With English Note* for the use of Schools. 
By J. E. MAYOR, M.A., Fellow of St. John's College, Cambridge 

Preparing. 

A SHORT AND EASY COURSE OF ALGEBRA. 

Chiefly designed for the use of the Junior Classes in Schools, with a 
numerous collection of Origmal Easy Exercises. 12mo. cloth, 3s. 6d. 

" His definitions are admirable for their simplicity and clearness." 

Athknjeum. 
' We have much reason to admire the happy art of the Author in 
making crooked things straight, and rough places smooth." 

Thk Educator. 

ELEMENTARY MECHANICS. 

Accompanied by numerous Examples solved Geometrically. By J. B. 
FHEAR, M.A,, Fellow and .vjathematical Lecturer of Clare Hall, 
Cambridge. 8vo. bds. 10s. 6d. 

PLATO'S REPUBLIC. 

A new Translation into English, with an Introduction and Notes. By 
TWO FELLOWS of Trinity College, Cambridge. In Preparation. 

A TREATISE ON THE THEORY OF STATICAL COUPLES. 

To which is added, a Simple Method of Investigating the Ellipticity of 
the Earth considered as a Heterogeneous Spheroid. Second Edition, 
with alterations and additions. By the Rev. C. PKITCHARD, M.A., 
late Fellow of St. John's College, Cambridge, bvo. sewed, 48. 

ELEMENTS OF GRAMMAR TAUGHT IN ENGLISH. 

By the Rev. E. THRING, M.A., Fellow of King's College, Cambridge. 
Ibmo. bound in cloth, 2s. 

•* A very able book it is, both in substance and form." — Spectator. 

AN ELEMENTARY TREATISE ON THE DIFFERENTIAL 

CALCULUS. By ISAAC-TODHUNTER, M.A., Fellow of St. John's 
College, Cambridge. Shortly. 

This work is intended for the use of Schools as well as for 
Students in the University. 

HISTORY OF GREECE IN GREEK. 

From the Invasion of Xerxes to the Peloponesian War- as Related by 
Diodorus and Thucydides : wiih Explanatory Notes, Critical and His- 
torical, for the use of Schools, by J. WRIGHT, M.A., of Trinity College, 
Cambridge, and Head-Master of Sutton Coldfield Grammar School. 

Preparing 
ELEMENTS OF THE GOSPEL HARMONY. 

With a Catena on INSPIRATION, from the Writings of the Ante- 
Nicene Fathers, By the Rev. BROOKE FOSS WESTCOTT, M.A., 
Fellow of Trinity College, Cambridge. Crown 8vo. cloth, 6s. 6d. 

" The production of a young Theologian of great promise." 

T. K. Arnold. 

"The most remarkable and original part of the work is a long and 
most carefully executed exposition of the Ante-Nicene Doctrine of 
Inspiration, drawn directly from the writings of the Fathers them- 
selves • and a very interesting account of j.ome of the heretical 
Gospels aj^ th^^ ^^tiyj^«»ojj> r^|j>.^r,|*;p^e^'-- Top Guahkian. 

' ""' iry inspiration of 

rought to bear on the 



"Tff *h^ lir'fllf"""fj' ^^fp^l^ip^" "— -'f"" GUAHKIAN. 

" '^^^ ftii ■ ■ - "^,- ■ -^y.T. . . ^ry inspiration of the 



Gospels 
subject. 
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